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Abstract

Multilevel regression and poststratification (MrP) has become a workhorse method for estimating popu-
lation quantities from non-probability surveys, and is the primary model-based alternative to traditional
survey calibration weighting methods, such as raking. For simple linear regression models, MrP methods
admit “equivalent weights”, allowing for direct comparisons between MrP and traditional calibration
weighting. Such weights, however, have been unavailable for the most widely used MrP models, such as
logistic regression. In this paper, we develop a natural generalization, “MrP locally equivalent weights”
(MrPlew), which represent MrP as a weighting-style estimator that is locally equivalent to calibration
weights near the observed responses. This enables a suite of standard weighting diagnostics, including
frequentist sampling variability, covariate balance, and subgroup contribution. We formally justify the
use of MrPlew in these cases: we prove the MrPlew-based variance estimator is asymptotically equivalent
to the infinitesimal jackknife for common exponential family models, and we introduce a novel class of
model checks based on invariance to data perturbations that generalize covariate balance and subgroup
contribution to nonlinear models. We further show that MrPlew can be computed easily using existing
MCMC samples and provide open-source software to compute MrPlew using the output of standard
software. We illustrate our approach for several canonical studies that use MrP, including via a logistic
regression outcome model, showing that implied covariate balance can sometimes be worse for MrP than
for raking. Given the ease of computing, we recommend making MrPlew a standard part of the MrP
model interrogation workflow.

1 Introduction

Multilevel regression and poststratification (MrP; Gelman and Little, 1997) has become a workhorse method
for estimating population quantities from non-probability surveys, and is the primary model-based alternative
to traditional survey calibration weighting procedures such as raking. MrP adjusts for survey nonresponse
and nonprobability sampling by modeling the relationship between the survey response and observed co-
variates (“multilevel regression”) applied to a specific target (“poststratification”). Estimates are typically

obtained from approximate posterior draws from a nonlinear model, computed via Markov chain Monte
Carlo (MCMC).

Calibration weighting (CW) instead constructs estimates as weighted averages of survey responses, where
the weights are chosen to exactly or approximately balance observed covariates subject to some user-defined

dispersion penalty (Deville and Sidrndal, 1992; Haziza and Beaumont, 2017). A key advantage of CW
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methods relative to MrP methods is their interpretability: visual and quantitative inspection of the weights
gives direct insight into the CW procedure itself. For example, the variability of CW weights directly
determines frequentist sampling variance. Practitioners can use CW weights to check “covariate balance”
to assess whether the weights correct for differences in observable quantities between survey and target
populations. CW weights also directly measure the contribution of particular subgroups, such as states or
demographic groups, to the final estimate. In short, the weights themselves serve as a rich set of diagnostic

tools.

In certain special cases, MrP estimates can be re-written as CW procedures with equivalent weights, or
as a weighting representation of the MrP procedure; examples include simple linear regression models,
Gaussian process (GP) estimation with fixed kernels, and regression trees with fixed structure (Gelman,
2007; Park and Fuller, 2009; Ben-Michael, Feller, and Hartman, 2024). Such weights enable the whole suite
of diagnostics available for calibration weighting as well as apples-to-apples comparisons for understanding
differences between MrP and CW estimates. Unfortunately, globally valid equivalent weights are unavailable
for the most widely used MrP models, such as logistic regression and hierarchical models with estimated
random effect variances (Lopez-Martin, Phillips, and Gelman, 2026). For these models, the MrP estimate is

essentially a computational black box.

In this paper, we propose a natural generalization, “MrP locally equivalent weights” (MrPlew), which repre-
sent MrP as a weighting-style estimator similar to CW, but only for response vectors near the original set of
responses, in a sense we make precise. While MrPlew is not (and cannot be in general) a globally equivalent
weighting representation, we formally justify the use of MrPlew as if they were globally equivalent weights for
use in common CW diagnostics such as frequentist sampling variability, comparisons of the weighted sample
to the target population (which we refer to as covariate balance), and subgroup contribution. We further
show that MrPlew can be computed easily using existing MCMC samples and provide open-source software
to compute MrPlew using the output of standard MCMC software like brms (Biirkner, 2017).

To develop the theoretical framework for MrPlew, we make two main technical contributions. First, we
formally prove the asymptotic equivalence of the MrPlew-based variance estimator with the infinitesimal
jackknife variance estimator (Giordano and Broderick, 2024). This result justifies the use of MrPlew for as-
sessing frequentist sampling variability, enabling an apples-to-apples comparison with the sampling variance
of CW estimators. Second, we define a novel class of model checks based on invariance to data perturbations;
in the linear case, these reduce to familiar diagnostics. For the nonlinear case, we formally prove that the
MrPlew weights can be used to assess this invariance locally in an asymptotic regime, uniformly over a
large class of potential perturbations. This result justifies the use of MrPlew for assessing local covariate
balance and subgroup contribution. We discuss the gap between our local theoretical results and practically
interesting larger perturbations, and recommend a method for checking the validity of our diagnostics in

practice.

Finally, we apply MrPlew-based model diagnostics to several real-world MrP analyses. First, we consider
an analysis that extrapolates a Twitter survey of name changes after marriage to the entire US population
(Alexander, 2019; Cohen, 2019). Second, we consider a textbook example analyzing the 2020 US presidential
election (Alexander, 2023). Third, we consider an example of correcting sampling bias in a national survey on

support for same-sex marriage (Lax and Phillips, 2009; Kastellec, Lax, and Phillips, 2010). Across the three



examples, we directly compare the weights themselves, the frequentist variability, and the implied covariate

balance, finding meaningful divergences, most strikingly in covariate balance on unmodeled interactions.

1.1 Introductory Example: Name Change

To preview our results, we replicate an MrP analysis from Alexander (2019) of the Marital Name Change
Survey (MNCS; Cohen, 2019). The original survey is a convenience sample from Twitter respondents, and
the goal is to estimate the corresponding rate in the overall US population. Following Alexander (2019),
we limit the survey data to (self-reported) women married to men (Ng = 4,364), and take our response of
interest y to be a binary indicator of whether the woman retains her surname when marrying; the survey

average is y = 0.46.

For the “multilevel regression” part of MrP, we estimate a hierarchical logistic regression with age group,

education level, state of residence, and decade married:
y~logit( (1 | age_group) + (1 | educ_group) + (1 | state) + (1 | decade_married) ).

We fit the model using brms: :brm with the default priors. For the “poststratification” part of MrP, we match
the overall US population using statistics from the 2017-2022 ACS survey (Ruggles et al., 2024). Finally,
we estimate corresponding calibration weights via raking, with some coarsening of the categories. Section 5

gives full details of the analysis and further results.
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Figure 1: Balance

Figure 1 shows that there are substantial differences between the covariate distribution in the survey and

in the target population. Both MrP and raking then make substantial adjustments, shifting the point

~CW

estimate from ¢ = 0.46 to A™MF = 0.29 and 4V = 0.26. This is where comparisons between CW and MrP

would typically stop; the Bayesian analyst would instead proceed with standard model checks as part of the



Bayesian workflow (see, for example Kennedy, Vehtari, and Gelman, 2023; Kuh et al., 2024; Lopez-Martin,
Phillips, and Gelman, 2026).
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Figure 2: Preview of MrP Diagnostics made possible by MrPlew for the Name Change analysis

Our goal is to enable a suite of additional diagnostics based on MrP locally equivalent weights. First,
Figure 1 shows that the implied covariate balance, measured by comparing the MrPlew weighted covariate
means to the population means, for MrP is excellent for the main margins; raking balances these exactly
by construction. However, Figure 2 shows substantial imbalance on a key interaction term between decade
married and education level. Even though raking and MrP only explicitly adjust for the margins of these
groups, raking nonetheless balances this interaction while MrP does not. Section 5 includes additional

analyses to explore the impact of this imbalanced interaction.

Figure 2 also compares the raking weights and the locally equivalent MrP weights themselves. The latter
weights are clustered much more around zero, with a substantial proportion of negative weights. Many
raking weights, however, are extreme (wzcw > 30), which appears to drive up the overall variability of raking
versus MrP. Using our results, we can assess this directly: after scaling by /Ng, the estimated frequentist
sampling standard deviation is 1.39 for raking and 1.06 for the MCMC MrP procedure.

To the best of our knowledge, such direct comparisons of the strengths and weaknesses of MrP and calibration

weighting methods on the same dataset were not previously possible.

1.2 Literature review

Survey calibration and soft calibration. Calibration weighting adjusts survey estimates by finding
weights that balance observed covariates between sample and population (Deville, Sdrndal, and Sautory,
1993; Fuller, 2011; Deville and Sérndal, 1992; Haziza and Beaumont, 2017). Wu and Sitter (2001) extend
this to model calibration, where the calibration targets are derived from a fitted model rather than from

the sampling design. A key recent development is “soft” calibration, which relaxes exact balance to allow



approximate balance on higher-order interactions (Park and Fuller, 2009; Guggemos and Tillé, 2010; Wang
and Zubizarreta, 2020; Ben-Michael, Feller, and Hartman, 2024). In particular, Gao, Yang, and Kim (2023)
make the connection to random-effects models precise: under a shared random-effects structure, the optimal

calibration weights impose exact calibration on fixed effects and approximate calibration on random effects.

Equivalent weights. Survey researchers have long known that regression adjustment has an equivalent
weighting form (e.g., Park and Fuller, 2009). In a foundational paper, Gelman (2007) applies this insight to a
Bayesian Normal-Normal outcome model, showing that the MrP estimate can be re-written as a calibration
weighting estimator with globally valid “equivalent weights” Ben-Michael, Feller, and Hartman (2024)
extend this, showing that multilevel calibration weights are equivalent to the MAP estimate of a multilevel
outcome model under certain conditions; see Chattopadhyay and Zubizarreta (2023) and Bruns-Smith et al.

(2025) for parallel results from the causal inference literature.

Calibrated Bayes and Bayesian survey inference. Little (2004) frames the central tension in survey
inference as “to model or not to model?” and proposes calibrated Bayes (Little, 2006; Little, 2012) as a
resolution: use Bayesian models, but choose them so that the resulting procedures have good frequentist
properties. A growing body of work pursues this vision, incorporating design information into Bayesian
models through weighted pseudo-posteriors (Savitsky and Toth, 2016; Wang, Kim, and Yang, 2018), model-
based survey weights (Si, Trangucci, et al., 2020; Si, Pillai, and Gelman, 2015), and Bayesian analogs of
raking (Si and Zhou, 2021). Most recently, Gelman, Si, and West (2024) propose a framework to incorporate
design weights into a Bayesian MrP model by jointly modeling the outcome y and the sampling weight w
given covariates x, then poststratifying on (z,w). This is the complement to our approach, incorporating
design weights into a broader Bayesian model, instead of finding locally equivalent weights of the original

Bayesian model.

Extensions and diagnostics for MrP. There has been an explosion of interest in MrP; see the recent
textbook from Lopez-Martin, Phillips, and Gelman (2026). Extensions include deep interactions (Ghitza
and Gelman, 2013), tree-based methods (Montgomery and Olivella, 2018; Bisbee, 2019), and doubly robust-
style combinations of weighting and outcome modeling (Chen, Li, and Wu, 2020; Ben-Michael, Feller, and
Hartman, 2024). Despite this progress, model diagnostics for MrP remain limited. Kennedy, Vehtari, and
Gelman (2023) and Kuh et al. (2024) propose cross-validation-based diagnostics, but these assess predictive
accuracy rather than how the survey data are being used by the estimator. Meng (2018) introduces the data
defect index, measuring the correlation between sample inclusion and the outcome. Our contribution can be
understood as expanding the suite of tools for assessing model stability as part of veridical data science for
the Bayesian workflow (Yu and Kumbier, 2020; Gelman, Vehtari, et al., 2020).

Local robustness. Our contributions follow in the tradition of the Bayesian local robustness literature,
which studies the effect of infinitesimal perturbations to Bayesian posteriors (Basu, Jammalamadaka, and
Liu, 1996; Gustafson, 1996; Gustafson, 2000; Giordano, Broderick, and Jordan, 2018; Giordano, Liu, et
al., 2023b; Cabral, Bolin, and Rue, 2025; Di Noia, Ruggeri, and Mira, 2025), as well as related local
sensitivity ideas in the frequentist case influence literature (Belsley, Kuh, and Welsch, 2005; Cook, 1977;
Cook, 1986; Kass, Tierney, and Kadane, 1989; Zhu et al., 2007; Koh and Liang, 2017; Giordano, Stephenson,



et al., 2019; Thomas, MacEachern, and Peruggia, 2018). Our core technical results build on Giordano
and Broderick (2024). Specifically, we prove frequentist consistency using the proof of consistency of the
infinitesimal jackknife (IJ) estimator for Bayesian posterior expectations found in Giordano and Broderick
(2024, Theorem 2), and our result for covariate balance follows from an extension of the series expansions
of posterior expectations of Giordano and Broderick (2024, Theorem 1) to hold uniformly over a set of

posteriors.

2 Methods

2.1 Problem setup

We frame our problem of interest in terms of estimating a population quantity from a non-representative
sample, though the same formal problem arises in observational causal inference and in domain adaptation
for regression more broadly. We observe scalar survey responses, denoted y, and vector-valued regressors,
denoted x; in the context of the Marital Name Change Survey in Section 1.1, y; is a binary indicator of
whether a married woman retains her surname and x; collects demographic regressors like age and education
level. We additionally observe regressors « from a target population, for which the responses are unobserved;
in the running example, the target is the corresponding population of the United States. The problem is to
infer the expected value of the response in the target population, under the assumption that the conditional

distribution of the response given observed regressors is the same in the survey and target populations.

Notation. Let {(x;,y;) : i € [Ns]} denote the survey data, where [Ng] = {1,..., Ng}, y; is a scalar survey
response, x; € R is a vector of regressors, and N is the number of survey observations. Let {z; : j € [N7]}
denote regressors observed for Np units drawn from the target population; the corresponding responses are
not observed. We write Y = (y1,...,yns)T, X for the Ng x P matrix of survey regressors, and X for
the Np x P matrix of target regressors. The responses y; may be continuous or discrete, though we are

particularly interested in the binary case.

With some abuse of notation, the symbol & (without index) will denote a generic random variable in both
the survey and target distributions. To avoid ambiguity, we adopt the following convention for expectations:

for a random variable z with distribution P(z) and measurable function ¢,

Eps) [6(2)] == / o(z) P(d2),

with all other quantities taken as fixed. For example, Ep(, 2 [®y] is a function of 2 but not of y. Covariances

follow the analogous convention.

Formal setup. The surveys literature has several distinct traditions for formalizing adjustment procedures;
see Elliott and Valliant (2017). Following the MrP literature (Lopez-Martin, Phillips, and Gelman, 2026),
we anchor our discussion in the super-population approach (Chang and Kott, 2008), though we expect our
results to extend to the quasi-randomization approach (Kott and Chang, 2010). Our contributions are best

understood as diagnostics: the assumptions below motivate the estimators we study, but the diagnostics



themselves do not rely on them.

We assume @ has distribution Pg(z) in the survey and Pr(x) in the target, with these two distributions

allowed to differ. The CW and MrP estimators we study are motivated by three assumptions.

Assumption 2.1 (Invariance). The conditional distribution P(y|x) is the same in the survey and target

populations. 0

This assumption rules out any unmeasured factors that shift the response beyond what the observed re-
gressors & capture. In the Name Change application, invariance is plausible only to the extent that age,

education level, state, and decade of marriage fully capture the decision to change names.

Assumption 2.2 (Overlap). Pr(x) is absolutely continuous with respect to Pg(x). O

This assumption requires that any x that occurs with positive probability in the target also occurs with
positive probability in the survey. Overlap can be difficult to justify in convenience samples, where large

strata of the target may be thinly represented or entirely absent in the survey.

Assumption 2.3 (IID sampling). (x;,y;) « Ps(x)P(y|x) for i € [Ng] and x; “d Pr(z) for j € [Ny]. O
We state our asymptotic results under IID survey sampling for simplicity; the IID assumption on the target
is not essential.
Our goal is to estimate

t:=Epp(ay) [T(2)y]

for some known weighting function 7(2). In the simplest case 7(x) = 1 and u is the target-population mean
of y. This is the estimand in our Name Change example, corresponding to the overall U.S. rate of women
retaining their surname. More generally, 7(x) accommodates subgroup means (e.g., rates within a state)
and contrasts between subgroups, both of direct substantive interest. For compactness, we write 7, := 7(x;)

and 7 = (m1,...,7n;)T. If we observed y; for j € [Ny], a natural estimator would be
. 1 .
=N Z jY; (Infeasible),
JE[NT]

but y; is unobserved outside the survey. We now turn to feasible estimators of this quantity under the

assumptions above.

2.2 Survey adjustment: Calibration weighting
2.2.1 Overview

The classical approach to survey adjustment is calibration weighting (Deville and Sarndal, 1992), with

estimators of the form

R 1
pewW = e Z wSWy;  for some WV = (wSW . ,w%zv)T. (1)
i€[Ns]



There is a rich literature on estimators of this form, reviewed in Section 1.2; see Haziza and Beaumont (2017)

for a modern overview.

To build intuition, consider the infeasible case in which we observe target responses y;. Then the weights

should satisfy:

Z Y5 — Ns Z wiWy; e 0, (Infeasible) (2)
jG[NT] i€[Ns]

heck
where ~~  denotes an approximate equality treated as a check on the model.

We cannot compute eq. (2) because we do not observe target responses y;. However, we can write an
analogous equation for the regressors. Let r(x) denote some measurable function of x, with r; = r(x;)
and r; = r(x;) in the survey and target, respectively. Ideally, r(-) is predictive of either the outcome y or
selection into the survey; see Sdrndal and Lundstréom (2005) or Ben-Michael, Feller, Hirshberg, et al. (2021)

for discussion. Then covariate balance for r(-) measures the difference

Imbalance(r, WEW) : Z T — Z wVr 0. (3)
JG[NT ZE [Ns]

We use the term covariance balance to refer to the comparison of the weighted sample distribution of co-
variates to the target population, however it is also sometimes referred to as external consistency (Haziza
and Beaumont, 2017). Raking (Deming and Stephan, 1940; Deville and Sirndal, 1992) finds the weights
WEW that minimize a dispersion criterion (e.g., entropy or variance) subject to Imbalance(r, WW) = 0
for a user-chosen set of covariates r. In the Name Change application, we fit raking weights using the
survey: :calibrate function with calfun = "raking" (Lumley, 2024), with entropy as the dispersion cri-
terion and ACS population counts as targets. Alternative calibration estimators consider different dispersion
functions and imbalance constraints. An important example we return to below is soft calibration (Gao,
Yang, and Kim, 2023; Ben-Michael, Feller, and Hartman, 2024), which bounds Imbalance(r, W W) for some

r rather than requiring exact balance.

A key feature of calibration weighting estimators is that they are design-based: the weights are estimated
without using the survey responses y, which enter only through the weighted average in Equation (1). We

assume throughout that the calibration weights are design-based in this sense.

2.2.2 Diagnostics for calibration weighting

Since CW estimators are design-based and linear in the responses y, practitioners can directly leverage the
weights to understand how the estimator is constructed and to diagnose potential problems. We briefly

review three common diagnostics for CW estimators, which we will later adapt to MrP.

Direct inspection of the weights and subgroup contribution. The weights themselves offer the
most important initial diagnostic, for example by identifying observations with extreme weights. A natural

diagnostic looks at this same influence but aggregated up to different groups; for example, how much do



survey respondents from each state contribute to the overall estimate? Formally, for some partition 4 =
{Ai1,..., Ak} of the regressor space (e.g. into US states), we can compute Nis Zie[Ns] wEWVI (z; € Ap),
where I (-) is the indicator function. We provide concrete examples of this in Section 5.5.

Covariate balance. As outlined above, the covariate balance metric in Equation (3) is a key diagnostic
for CW estimators. Raking explicitly sets Imbalance(r, WW) = 0 for the covariates used in calibration,
such as the margins, but the same metric lets us check imbalance on regressors outside the raking set — e.g.,

interactions or nonlinear transformations of the original regressors.

Frequentist variability. The weights also directly determine the frequentist variability of the CW esti-

mator 4°W. Conditional on WEW | the variance is:

% > (@) Varp e, (u:) - (4)

S ie[Ns)

Var'p(y|chyx) (ﬂCW) =

Ignoring structure in the conditional response variances, the conditional variance of W is minimized when

the weights are equal and grows as they become more dispersed.

Our goal is to develop analogs of these diagnostics for Bayesian survey adjustment methods, which we turn

to next.

2.3 Survey adjustment: Multilevel regression and poststratification
2.3.1 Overview

Unlike CW, MrP explicitly models the outcome y as a function of x, targeting the conditional mean rather
than the density ratio (Gelman, 1997; Lopez-Martin, Phillips, and Gelman, 2026). Given a posited outcome
model P(y|x) and a corresponding estimate j(x) ~ Ep(y 2 [y], the analyst sets §; = g(x;) for each target

x; and forms

~Generic Mr 1 ~
pleneric Mib — o > e (5)
T .
JE[NT]

To motivate Equation (5), note that if our estimates gj; are accurate in the sense that

EPT(mj) [Trjgj] ~ EPT(EJ') [ﬂ-(wj)EP(y\wj) [y]] = IE7’T(m,y) [71'(1}):1/] = K,

Generic MrP is (

then [ nearly) unbiased under sampling from the target distribution.

The multilevel regression step estimates the function () from the survey data, typically via a multilevel
model; the poststratification step averages y; over the target x; in Equation (5). We focus on generalized
linear models of the form Ep(y|4) [y] = m(8Tx) for some inverse link m(-), where  may contain non-linear
transformations of the observed regressors. For OLS, m(-) is the identity and Q?LS = ﬁTacj; for logistic

regression, m'°8it(z) := 1/(1 + exp(—z)) is the logistic link and §; = m'°#*(37x;).



2.3.2 Bayesian computation

We focus on Bayesian hierarchical estimates of §;. A Bayesian estimator posits a likelihood P(y|x, 3),
in this case a parametric model for the full conditional distribution of y given «x; for any 3, this gives a
corresponding estimate Ep(,|z.g) [y]. We specify a possibly hierarchical prior P(3), expressed marginally
over any hyperparameters throughout. While not central to our discussion, we note that hierarchical priors
can induce non-linearity in posterior estimates as a function of Y via the implicit estimation of variance

parameters. Finally, we leave the posterior’s dependence on X implicit, since its distribution is ancillary.

Writing £(y;|x;, B) := log P(y;|xi, 3), let P(B]Y") denote the posterior of 3 given Y via Bayes’ rule,

PvX.pPE) P (Sicp (uilei8) P(B)

We then form
P = By Im(8Te,)] and P = L o Y
JE[NT]

The MrP family also includes optimization-based and other approaches, but we focus on this Bayesian

estimator throughout.

In practice, P(B]Y") is not available in closed form, and Equation (7) is estimated by Markov chain Monte
Carlo (MCMC). Given posterior draws B, k € [M], we construct MCMC estimates

1
~MCMC § ~B
y;\/l M m(ﬁgm]) ~ yj aycs’

ke[M]

and plug these into Equation (5) in place of §77. We treat M as if computed from the true posterior,
i H

flagging MCMC issues where relevant.

Returning to the Name Change application, we fit the hierarchical logistic model of Section 1.1 via brms: :brm
(Biirkner, 2017) with default priors, running four MCMC chains of 2,000 iterations each (500 warmup).

Posterior means Q;VICMC are then averaged over the ACS target population to form M.

2.3.3 Globally equivalent weights for linear outcome models

In general, the MrP estimator M depends on the survey responses y; through the posterior P(3]Y)
and through the inverse link function m(-). As a consequence, the mapping Y — M (Y) can be highly
nonlinear. As a result, we cannot in general directly apply the diagnostics described in Section 2.2.2; which

rely on the linearity of 4V in y;.

However, an important special case arises when the outcome model is linear. In a foundational paper,
Gelman (2007) shows that the MrP estimator with a linear outcome model can be expressed in closed form

as a CW estimator with specific weights, known as equivalent weights. For a simple OLS outcome model

10



(see Park and Fuller, 2009), the equivalent weights are given by:

1
~OLS __ ~OLS
i 2 ®
JE[NT]
_ 1 OLS, OLS .__ Ng T T -1,
=~ E w;”Py; where w; = =T Xp(XTX) "z, (9)
Ns i€[Ns] Nr
S

It follows that the map Y + a°%S(Y) is linear, and that inLS can be used for all the diagnostics described
in Section 2.2.2. Moreover, 19" is still linear under ridge penalization and therefore when B is the posterior
mean of a Bayesian linear model with multivariate normal prior P(3); see Example 3.1 below for more

details.

3 MrP Locally Equivalent Weights

We now turn to defining locally equivalent weights for MrP, beginning with the general case and then
providing closed-form examples. In the following sections, we show how these weights can be used to

construct diagnostics for MrP analogous to those in Section 2.2.2.

3.1 Motivation and definition

To motivate our approach to locally equivalent weights, suppose we want equivalent weights for OLS, w©™S

as in Section 2.3.3, but do not have access to the closed-form expression. A practical instance of such a case
might be black-box software that computes some linear function of the data, such as a regression tree, but
without providing access to the internal parameters of the model. Importantly, suppose we can nevertheless

repeatedly call this software to construct the estimate S (f/) for any Y in a small neighborhood of Y.
OLS

We can then use these black box evaluations to compute w;” via the relation

94O (Y

wOS = Ny H N( )
8yi N

Y=Y

This immediately recovers the OLS weights in Equation (9), noting that the mapping Y ~ a°tS(Y) is
linear, and thus the Taylor series expansion of ,&OLS(?) around Y is exact.

Our key idea is to apply this same approach to MrP, even though the mapping Y ~ g™M7*(Y") is not linear,

arguing that this gives the appropriate notion of a Taylor series approximation to ZM¥(Y") around Y.

Definition 3.1 (MrP locally equivalent weights). The MrP locally equivalent weight for observation ¢ is

8ﬂMrP (Y)

wi'™ = Ng o NsCovp gy (Vyl(yilzi, B),9(B)) , (10)
where g(8) = NLT Zje[NT] m;m(BTx;) is the model’s implied target-population mean at a fixed 3, and

Vo l(yilz;, B) := 00(y;|xi, B)/0y; denotes the derivative of the log-likelihood contribution with respect to y;.

11



The formula for the derivative in Equation (10) follows immediately from well-known results in Bayesian local
robustness (e.g. Theorem 1 of Giordano, Broderick, and Jordan, 2018). Importantly, the weights wM™ can
be easily estimated using MCMC samples from the posterior P(3|Y) with minimal additional computation.
Further, as we highlight below, for generalized linear models such as logistic regression, this partial derivative

simplifies to =] 3, which is also easy to compute from standard model output.

3.2 Justification and interpretation

While the locally equivalent weights are straightforward to define and compute, justifying their use and
interpreting their meaning requires more care; technical results follow in the next sections. In short, the

MrP

weights WM™ are justified as the unique first-order representation of /i near Y, and this local equivalence

is what licenses the CW-style diagnostics developed in Sections 4.1 and 4.2.

First, we must make “local” precise by extending the definition of P(3|Y") in Equation (6) to accommodate
Y in a Euclidean neighborhood of Y. Such Y may not be valid inputs for the log likelihood y|x, B),
but as long as both P(Y) and Ep gy [m(BT®;)] are finite for all @;, the mapping Y — iMP(Y) remains
well-defined. We assume here that gM™P (Y) is defined and smooth in a neighborhood of Y'; we give precise

conditions in Sections 4.1 and 4.2 and discuss the binary-response case in Section 6.2.

In general, M is not globally linear in Y, so we cannot hope that gM7* (YY) ~ NLS Zie[ Na] wMPy,. What
we do have is a locally affine approximation, the first-order Taylor expansion of M around Y:
~MrPlew /v ~Mr 1 P~
AMTNY) = M) 4 = D w5 - ) (11)
s .
1€[Ns]
pMT (YY) = MTeN(Y) + E(Y,Y), (12)

where £ (f/, Y) is the appropriate residual. For a globally linear estimator such as i°"5, the residual vanishes:
E(Y,Y) =0 and gMPlew(Y) = 4OLS(Y), recovering the OLS weights of Equation (9). While (Y, Y) # 0

2
. In
2

is a locally affine approximation to

in general, under regularity conditions established below, we show that £ (f/, Y) is of order Hf/ -Y

other words, when Y is close to Y, the residuals are small and [MrPlew

ﬂMrP .

Under such an approximation, we define below several senses in which we can justify using the weights W™MP
for diagnostics as if fMF(Y) were a CW estimator with weights WM In Section 4.1, we justify using the
weights to compute frequentist variance, leveraging recent results for the Bayesian infinitesimal jackknife.
In Section 4.2, we justify using the weights to compute covariate balance: we show that judicious choices of
Y produce nonlinear generalizations of more standard covariate balance checks and give conditions under

which the corresponding nonlinearity is appropriately small.

3.3 Illustration: Closed-form examples

To build intuition, we now derive locally equivalent weights for two closed-form Bayesian examples: a
conjugate linear model, and logistic regression in the asymptotic limit. We revisit these examples in the

context of covariate balance in Section 4.2.
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While illustrative, these closed-form analyses are only possible due to exact (Example 3.1) or asymptotic
(Example 3.2) linearity. For more complex models, such as those in our applications in Section 5, no closed

form is available, and we instead compute WM™P directly from Equation (10) using MCMC samples.

Example 3.1. First, consider the conjugate linear model
Plylz,B) =N (B7z,0°) and P(B) =N (0,%),

for known o # 0 and invertible 3. In this case, the posterior has a closed form and ™ (Y') is linear in Y.
Building on Gelman (2007), we show in Section A.2 that

1 1 2 -
WP~ X (NXTX + ;2—1> Xl (13)
T S S

For a tight prior, ¥ — 0, the weights WM™ shrink and incorporate less of the covariance NLSX TX.
Conversely, in the flat-prior limit, X~ — 0 with X7 = X, WM reduces to the projection of (Ng/Np)m

onto the column space of X. a

Example 3.2. Next, consider logistic regression in the asymptotic regime. Suppose that y is binary, with
Ep(yes) [¥] = ml°8t(BTx) where m!°8"(2) = 1/(1 + exp(—2)).

We assume the prior P(3) is smooth and Ng is large, so that P(3|Y") is well-approximated by Bernstein-von
Mises (Van der Vaart, 2000, Ch. 10.2). Write 3 for the MLE, §; := m!°#'(3Tx;) and o; := §;(1 — §;) for the
approximate mean and variance, with analogous definitions for the target (§;,9;). Let V and Vp denote
diagonal matrices with survey and target variance estimates on the diagonal, respectively. As we show in

Section A.3, in this case

—1

1 1

WM & X (NXTVX) X1Vym, (14)
T S

where = reflects the delta method and Bernstein-von Mises approximations.

Equation (14) mirrors the flat-prior limit of Equation (13) (X! = 0), with extra factors of V' and V7. The
absence of the prior covariance reflects the fact that Equation (14) is computed in the asymptotic limit and
thus any prior influence vanishes. The variance factors V' and Vi reflect the fact that M (Y") is nonlinear
in Y, since different Y gives rise to different V' and so different WMrP, |

4 Formal results

We now formally justify the use of MrPlew weights for estimating frequentist variability and for assessing

covariate balance.
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4.1 Variance estimation

We begin with frequentist variability. As we will see, this is conceptually distinct from Bayesian posterior
uncertainty, which captures uncertainty about the parameter 3 given the data. The frequentist variance, by

contrast, captures the variability of the estimator across repeated samples.

Our proof will rely on some technical assumptions required for consistency of the Bayesian infinitesimal
jackknife (Giordano and Broderick, 2024). To state these conditions, we need to introduce some notation.
Let Vf]A denote the k-th derivative of the log partition function A(-) of an exponential family, and let r&*
denote the D, x ... D, array of products of r. Let ||||§ of a multidimensional array denote the squared
Euclidean norm of the stacked array, i.e., the sum of the squares of the array entries. Finally, let dist
denote convergence in distribution and preb convergence in probability, both with respect to IID samples

from Pg(x,y).

Assumption 4.1 (Canonical exponential family). Assume that the likelihood is given by a one-parameter
natural exponential family with sufficient statistic y and natural parameter n = B87x. (This model may be

misspecified.) Specifically, the log likelihood for (x;,y;) is given by
yilzi, B) = yimi — A(ng) for m; := BT,

where A(-) is the log partition function and the density is assumed to be relative to some fixed base measure

on y. |

Popular models satisfying this restriction are generalized linear models with canonical link functions. We
primarily focus on logistic regression; other examples include Poisson regression and Normal regression with

known residual variance.

Next, we assume that the limit of the maximum likelihood estimator of B exists and is identifiable as

Ng — o0.

Assumption 4.2 (Identifiability of the MLE). Assume that Ep 4) [A(BTx)] is finite for all finite 3, and
define £(B) := Epg(y,a) [€(ysli, B)]. Assume that 8% := argmaxg_pps {(B3) exists, is unique, and that

— _ 9B
1 == opopr 8

is positive definite. O

If we can exchange integration and differentiation in the definition of ¢(3) (sufficient conditions are given in
Assumption B.1 and Lemma B.1 in Appendix B), then the information matrix from Assumption 4.2 takes
the form

I =Epy@ [VIAB Tz)zaT| .

Since V%A(,@*Ta‘,) > 0 by standard properties of exponential families, positive definiteness of Z reduces to
a mild moment condition on x. This positive-definiteness condition fails if a lies almost surely in a proper

linear subspace of RP~, but holds whenever the support of & spans RP-.

We impose a mild set of conditions on the survey data-generating distribution Pg(a,y) and the prior P(3).
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Assumption 4.3 (Regularity for the infinitesimal jackknife). Under Assumptions 4.1 and 4.2, assume that
as Ng — oo (with observations IID from Pg(x,y)), the following stay fixed:

e The dimension of 3,
o The target observations {x1,...,zN,}, and
o The weighting function = (-).
Additionally assume that:
o With probability one under Pg(x), x is bounded.
o The prior P(3) has bounded support.
¢ Marginally, Ep ) [yQ] < o0.

e The prior P(8) is proper and has a density that is nonzero and four times continuously differentiable
in a neighborhood of 3*.

The boundedness assumptions on  and 3 can be relaxed to weaker moment conditions; see Assumption B.1
in Appendix B. O

We now state the main result that a sample-variance estimator ‘7, analogous to the CW variance formula in

Equation (4), is consistent for the frequentist variance of MF.

Theorem 4.1 (Infinitesimal jackknife-based variance for MrPlew). Let Assumptions 4.1 to 4.3 hold. For
i € [Ng], let §; := Epgy) [Im(BTx;)] and &; := (y; — 9;). Define

N 1
V=

_N75

2 1
(N wM e, Ns’erPE> where wMPe = — Z (15)
ie[Ns] S 7 N

and where V is the sample variance of NewM™e;. Then, as Ng — oo,

VNs (iMP = 52) "N (0,V)  and VSV

for some variance V> 0 and 1> = NLT > je[Ng Tim(B ;).
See Appendix B for the proof.

The proof of Theorem 4.1 operates by showing that Vs asymptotically equivalent to the infinitesimal
jackknife covariance; Giordano and Broderick (2024, Theorem 2) show this is consistent. The bulk of the
proof verifies that the model satisfies the conditions of the 1J consistency theorem under Assumptions 4.1
to 4.3.

Remark 4.1 (Failure of variance estimation when the canonical exponential family does not hold). Assump-
tion 4.1 is essential for Theorem 4.1, though not for Theorem 4.2 below: if the model’s sufficient statistic

is not y alone, then Vs generally an inconsistent estimator of the frequentist variance. For example, if
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we model P(y|lz,3,0) =N (wT,B,02) with unknown variance o2, the sufficient statistic is (y,y?), Assump-
tion 4.1 is not satisfied, and V is inconsistent; see Example A.1 in Appendix A for further discussion of
this counterexample. This is not a problem for variance estimation itself, since one can use the infinitesimal
jackknife covariance instead. However, this counterexample emphasizes that WM™ does not automatically

inherit CW-style interpretations for variance.

4.2 Covariate balance
4.2.1 Motivation and intuition

We now turn to covariate balance. The key idea is to reframe the standard balance check as a sensitivity
diagnostic that assesses whether the weighting procedure would have been able to detect a small, directed
perturbation of the response variable. This reframing admits a local interpretation to which we can apply
the Taylor series approximation in Equation (12), justifying the use of WM™ in a local analogue of the
standard CW balance check.

To build intuition, consider a perturbation of a continuous response y of the form:

g=y+or(x) (16)

for some measurable function of the covariates r = r(x) and small §. For continuous y, the additive
construction in eq. (16) can produce valid observations. For binary y or other bounded responses, the
additive construction of eq. (16) no longer produces a valid response in general. We will define and analyze
7 of eq. (16) through the generalized posterior below, deferring the question of which binary processes

approximately satisfy eq. (21) to Section 4.2.4.
The corresponding change in the (unknown) target mean is:

Z Ty — Z ijy—é Z Ty

T jelvg] T jelng) T jelnn

actual change

For linear calibration weights, the corresponding change in the estimator is:

Z wW g, — Z w? yl—é— Z wf (17)

’LG Ns] ZG Ns] ’LG NS

inferred change

Subtracting the inferred change from the actual change and dividing by § immediately recovers the standard

covariate balance check in Equation (3):

1 check
gImbalance( r, WEW) = Z T — Z wWVr; 0. (18)
JE [NT] ZE[NS

The main advantage of this reframing is that we can immediately extend this argument to nonlinear MrP
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via its Taylor expansion. Specifically, as long as we can sensibly define gMP (Y) and the Taylor expansion

in Equation (12) is valid, we have an analogous local change:

AMrP(Y) AMrP - Z MrP yz)+€(Y7Y)
ZE [Ns]
= (5— WY, +E(Y,Y). 19
w2 (¥.Y) (19)

inferred change

Theorem 4.2 below shows that, under regularity conditions, the residual term & (f/, Y) is of order 62, uni-

formly over a Donsker class of functions r. After dividing by § and dropping the residual term, we can

CW

therefore form a local balance check that replaces w with w™M™® but otherwise mirrors the linear version.

4.2.2 Main result

Definition 4.1 (Perturbed likelihood and generalized posterior). Let 4 > 0 denote an upper bound on the
perturbation. Under Assumption 4.1, for all § € [0, d,], we formally define the perturbed likelihood

Uylw, B:0r) = (y+ or(a))a™B — A(BTa)
~ ((yle. B) + or(a)2"B

P(Y|B;0r) = exp [ > Ly + orila;, B)

i€[Ns]
We then define the generalized posterior

P(Y|X, B;0r)P(B)

or =
PRson = JP(Y|X.B;6r)P(B)dB

when the denominator is finite, and let ZM™ (V) := Epg)y:sr) [9(8)] (9(B) is defined in eq. (10)).

Assumption 4.4 (Donsker class). Let R denote a Donsker class of Pg(x)-measurable functions for which

SUD e Eps (e |27 (@) 3] < R < o0. 0

Donsker classes are classes of functions restricted enough to obey uniform laws of large numbers (Van der
Vaart, 2000, Chapter 19). Readers less familiar with Donsker classes can instead imagine that R is a finite

set of functions without losing any essential understanding.

Theorem 4.2. Take Y =Y + R, where R = (r(x1),...,r(xn,))T. Under Assumptions 4.1 to 4.4, with
probability approaching one as Ng — 00, quP(Y) exists, and satisfies

1
sup < |[pMTP (V) — pMP(Y) — — Z wM =0(5) asd— 0.
reR o 1€[Ns
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See Appendix C for a proof. Theorem 4.2 shows that, to leading order in J, the change in the perturbed

MrP estimator per unit ¢ is Nis Zie[ Ns) wMPr;. The resulting MrP balance check Imbalance(r, WMrP) ig

K3
thus the natural analogue of Equation (18). The fact that Theorem 4.2 holds uniformly over a wide class of
functions r(-) justifies searching over a set of prespecified covariates to check for imbalance, as is commonly

done in practice.

Unlike Theorem 4.1, the assumption in Assumption 4.1 that y is a sufficient statistic of the model is not
essential for Theorem 4.2, and an inspection of the proof of Lemma C.3 in Appendix C will show that versions
of Theorem 4.2 should hold for a much broader class of models, including generic multivariate exponential
families. As with Theorem 4.1, the boundedness conditions in Assumption 4.3 can be relaxed to a set of

technical moment conditions (see Assumption B.1 in Appendix B).

4.2.3 Closed-form examples

We next apply the balance check of Theorem 4.2 to the two closed-form Bayesian examples from Section 4.2.3.

Example 4.1 (Conjugate normal models). We continue Example 3.1, the conjugate normal model, focus-
ing on the consequences of prior shrinkage for covariate balance; Section A.2 gives full details. Applying

Theorem 4.2 and taking r(x) to be the components of @, we have the following imbalance:

1 1 1 o? (L
[ MPy - Trx (T — (—xTXx 4+ ! —XTX 2
5 alance(xz, W) NTW T( P <Ns + Ng > <Ns >> (20)

When 7! # 0, aM™® only approzimately balances . As ¥~! — 0, however, the matrix product inside

eq. (20) converges to Ip, so the imbalance converges to zero. This reflects existing results on the implied

imbalance of ridge regression; see, for example, Bruns-Smith et al. (2025).

This setup is formally equivalent to soft calibration (Gao, Yang, and Kim, 2022), where 3 is treated as a
random effect with distribution P(3). Indeed, as with soft calibration, we show in section A.2 that WMrP
minimizes the expected mean squared error of NiTﬂ'TYT - NLSWTY when Y and Y7 are generated from a
shared draw of 8 ~ P(3). ]

Example 4.2 (Asymptotic logistic regression). We continue Example 3.2, the asymptotic logistic regression
setting; Section A.3 gives full details. Importantly, we show that logistic regression generally balances
the wvariance-weighted covariates, but not the covariates themselves. This mirrors the classical result for
model-assisted generalized regression estimation under a logistic link (Firth and Bennett, 1998). Consider
variance-weighted regressors r(x) = v(x)x, where v(x) = Varp(y|q) (y) is the conditional variance of y,
estimated by 0; at ;. Then:

1
glmbalance(v(:c)m, WMy — o,

By contrast, logistic regression does not balance the covariates & themselves:

1 1 1 o
Shnbalance(w, wMPy — N—T’;TTXT (Ip - (NSXTVX> NSXTX> # 0. (in general)
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Unlike the conjugate normal model above, this imbalance is not due to prior influence, which vanishes in
the asymptotic regime. Rather, it arises from a mismatch in the scale of the model and the perturbation:

Equation (21) defines perturbations on the y scale, whereas logistic regression operates on the log-odds scale.

Somewhat surprisingly, although it is the presence of V' that causes the imbalance, this imbalance is not
fundamentally driven by nonlinearity of the map g™ (Y") as a function of Y. In Section A.4, we consider
the special case in which the density ratio is linear in & and show that the logistic regression MrP estimator
is then approximately linear in Y for large Ng. Even in this case, however, the imbalance of & remains

nonzero. 0

4.2.4 Using a parametric bootstrap to produce restricted responses

As we discuss above, when the response y is binary or otherwise bounded, the additive construction in
eq. (16) cannot be valid in general, and yet it forms the basis for our theoretical results in Theorem 4.2.
In this section, we bridge the gap and discuss how to generate valid response vectors that approximately

reproduce imbalance identified for the continuously perturbed .

The key idea is that the perturbation eq. (16) can be a good approximation to a restricted random variable

y with conditional expectation shifted relative to y:

Epgle) 1] = Epyla) [y] + 07 (). (21)

Let Y denote the corresponding vector of perturbed responses. Equation (21) makes sense since, for any

model satisfying Assumption 4.1, the posterior P(ﬁ|l7) depends on Y only through

1
B ﬁTN— Z yiz; = BTEpg (z) []E’p(ylw) [y] :c] for large Ng.
i€[Ns]

So if § satisfies eq. (21) then we can expect P(,@\f/) ~ P(B|Y; Y), and we can thus think of Theorem 4.2 as
approximating the behavior of P(3 |lu/')

We briefly describe a simple procedure based on a perturbed parametric bootstrap to generate Y satisfying
eq. (21), while still being reasonably close to Y; Appendix D gives the full details. We begin with an estimate
m(x;) of Ep(y|z) [y], as one would for performing the parametric bootstrap (Efron and Tibshirani, 1994). We
then draw y with mean 7 (x;) + ér(;), which requires restricting § small enough that m(xz;) + dr(x;) € [0, 1]
for all 4. The final step is to correlate y; with y; while maintaining the desired marginals, in order to keep
Y — Y as small as possible; a procedure for doing so is described in Appendix D. In section 6.2 we apply this
technique to our experiments and find that the resulting binary vectors match the corresponding predicted

results closely.

4.2.5 Subgroup contribution

An important special case of the general perturbation results is for measuring the contribution of particular
subgroups to the final estimate. Consider the Name Change application from Section 1.1, where we group

respondents by education level: less than a college degree, a college degree, or more than a college degree.
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If we index these groups from s = 1,...,S (here, S = 3), and let Z, denote the set of indices i that are from

subgroup s, then we can rewrite any CW estimator as

S

1
~OW cw
K (Y):N E E Wi Yi-
5 =
s=14i€T,
Here, wS™W := Y7, .; wf™ is the total weight given to subgroup s, and measures how much subgroup

s contributes to the overall estimate. Comparing how w, varies from subgroup to subgroup can provide

intuition to the analyst about how the data is being used.
For MrPlew weights, the quantity wM™ := ZiEIS wM™P is precisely the left-hand side of the covariate balance
check for the indicator z;; = I (@; is in subgroup s). Here, z;; takes value 1 if the survey observation i is

MrP

o admits an interpretation similar to that of covariate balance:

MrP to

from subgroup s, and 0 otherwise. Thus, w
if the responses in subgroup s were all to increase in expectation by a small §, we would expect [
increase by swMF/Ng. This provides an intuitively meaningful measure of the “importance” of subgroup
s in the estimator M P, This interpretation is supported by Theorem 4.2 without modification, simply by

taking r(x) to be the indicator of the subgroup categories.

4.2.6 Why not perturb the log odds?

A key feature of our generalized balance checks is that the perturbation to the response in Equations (16)
and (21) is defined in the space of responses, y, rather than in the space of log-odds, mlogit_l(]Ep(Mm) [y])-

Before proceeding, we briefly motivate and discuss this decision.

As a motivating question, in light of the failure of logistic regression to balance the regressors as shown in
Example 4.2, one might wonder why we do not use the following perturbation rather than eq. (21) to define

our perturbations to the data:

Ep(ya) [7] = m'o8* (mlogit_l(EP(ym) [y]) + 5/7"(-’10)) . (22)

Since 5
557 EPwla) [9] = v(@)r(@),

adding a small r(x) to the log odds is equivalent to adding a small v(x)r(x) to the expectation. Since
the logistic regression models the log odds as a linear combination of x, it is perfectly able to capture
perturbations of the log odds in the direction of @, and such directions correspond to perturbations of the

form v(x)x in the space of expectations.

We might argue that eq. (21) is easier for a practitioner to think about intuitively. But a more fundamental
reason is that the perturbation eq. (22) is defined in terms of a particular model, a fact which makes it difficult
to meaningfully compute and compare perturbations in a model-agnostic way. For one, in order to actually
induce the perturbation eq. (22), one needs to have an estimate of v(x) that can only be provided by one of the
very models we are trying to interrogate. Different logistic regression models, with different priors, will define
different perturbations to the data. Also, the perturbation eq. (22) privileges the (fairly arbitary) log-odds

parameterization when defining the data perturbation. Other link functions, such as the normal distribution

20



function for probit regression will exhibit unfavorable performance under the perturbation eq. (22). The
perturbation eq. (22) appears to preclude direct comparison between methods that are not guaranteed to
produce valid log-odds estimates, such as OLS and raking. Thus, we believe that the failure of logistic
regression to balance @ asymptotically should be taken as a warning about logistic regression, not a failure

of our balance checks.

5 Applying MrPlew

We demonstrate how to use MrPlew for three existing MrP analyses: (1) an analysis that extrapolates a
Twitter survey of name changes after marriage to the entire US population (Alexander, 2019; Cohen, 2019);
(2) an example of correcting sampling bias in a national survey on support for same-sex marriage (Lax
and Phillips, 2009; Kastellec, Lax, and Phillips, 2010); and (3) a textbook example analyzing the 2020 US
presidential election (Alexander, 2023).

In each case, we compare the original MrP analysis to raking on marginals of coarsened versions of the same
regressors used in the MrP analysis (survey: :calibrate from Lumley (2024)). Following DeBell and Krosnick
(2009), the raking covariates were coarsened so that no marginal category contains fewer than 5% of the
survey observations. For example, when MrP regressions included US state as a regressor, state indicators
were coarsened to geographic region (west, south, northeast, and midwest) for raking. Finally, for simplicity

we removed the small number of observations with missing regressor values.

5.1 Application descriptions

We first describe the two additional datasets and analyses that we reproduce; Section 1.1 above gives addi-

tional details for the “Name Change” analysis.

“Same-Sex Marriage” analysis. Our next analysis is based on the classic MrP primer from Kastellec,
Lax, and Phillips (2010), which provides code and data that is amenable to re-analysis with MCMC (Kastel-
lec, 2024). Kastellec, Lax, and Phillips (2010) analyze five consistently-coded national polls from 2004 that
surveyed support for same-sex marriage; the authors call these polls a “megapoll.” The response variable y
is a binary indicator where 1 encodes support for same-sex marriage, and 0 encodes either opposition or no

expressed opinion; see the appendix of Lax and Phillips (2009) for more details.

Following Kastellec, Lax, and Phillips (2010), we then use MrP to calibrate the megapoll responses to
individual states using a 5% Public Use Microdata Sample (PUMS) from the 2000 US census. We fit an

MCMC version of the following model, which the original paper fit using marginal maximum likelihood:

y~1ogit( (1 | race.female) + (1 | age.cat) + (1 | edu.cat) + (1 | age.edu.cat) +

(1 | state) + (1 | region) + (1 | poll) + p.relig.full + p.kerry.full)

See Kastellec, Lax, and Phillips (2010), as well as the original research paper from Lax and Phillips (2009)

IMrPlew weights remain computable under Bayesian data imputation, provided the posterior covariance in Equation (10)
incorporates the additional variability due to imputation in the Vy€(y;|x;, 3) term.
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Name Change Same-Sex Marriage Election Forecasting

Ng 4,364 6,341 4,803
7 0.462 0.333 0.539
M 0.288 0.457 0.522
acw 0.263 0.345 0.522

Table 1: High-level descriptions of the three applications.

for additional context for the surveys and regressor definitions. Following the “MrP Primer” chapter of
Mastny (2018), which re-analyzes the same data using brms, we set standard Gaussian priors for each of the

fixed effects and the standard deviations.?

Our main illustration uses MrP to predict support for same-sex marriage in California, which is an example
of using MrP for small area estimation.? In Section 5.5, we also predict support in Missouri, as a contrast to
the estimate for California. To estimate raking weights for California, we eliminated or coarsened interactions
that occurred less than 5% of the time in either the survey or target population. In the end, we used the
following for raking: gender, education level, age category, race (white, black, or other), white / non-white

interacted with gender, and age category interacted with secondary / no secondary education.

“Election Forecasting” analysis. Our third illustration is based on an analysis of the 2020 US presi-
dential election taken from Alexander (2023, Ch. 6, 8, and 16). The survey dataset is from the Nationscape
project (Tausanovitch and Vavreck, 2021), which combines a large number of surveys conducted between
July 2019 and January 2021. The response variable y is a binary indicator where 1 encodes support for Joe

Biden in the 2020 US presidential election, and 0 encodes support for Donald Trump.

Our objective with MrP is to adjust for the fact that the original survey is a convenience sample that is
potentially unrepresentative of the entire US population. The population dataset is taken from the 2019
American Community Survey (ACS) dataset, accessed through IPUMS (Ruggles et al., 2024), and is selected
as a proxy for the demographic profile of the entire US population.

The regressors are gender (encoded as male or female), four age groups in roughly 15-year bins, three levels
of education, and state. We fit the following hierarchical logistic regression:

ywlogit(gender + (1 | age_group) + (1 | state) + (1 | education_level) ),

with normal priors for the scale and intercept terms. For raking, we coarsened the states to regions as in the

Name Change analysis above.

5.2 Comparing MrPlew and raking weights

Table 1 gives a high-level summary of the three main applications, which exhibit different relationships
between raking, MrP, and the uncorrected survey mean y. In the Election Forecasting application, the

survey mean, raking, and MrP are all similar; in the Name Change application, raking and MrP are similar

2In brms, which follows conventions from the stan software package, the prior is a truncated half-normal for the standard
deviations.
3When forming predictions, we set the poll random effect to zero.
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to one another but quite different from the survey mean; and in the Same-Sex Marriage application, raking

and the survey mean are similar, but MrP is very different.

Election Forecasting Name Change Same-Sex Marriage
600 1
<
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0- m__, "
>
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(18 raking weights > 30 [
1000+ 1 E
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Figure 3: Comparison of weights

Figure 3 shows the corresponding MrPlew and raking weights. A qualitative inspection of the weights largely
aligns with the comparisons across point estimates. In the Election Forecasting application, the MrP and
raking weights are broadly similar. By contrast, the MrP and raking weights display very different patterns
in the other two applications. Using the tools developed above, we will assess whether these differences are

meaningful.

5.3 Frequentist variance
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Figure 4: Estimates of the frequentist standard deviation of v/NgiM™® and /Nga®W

The weights in Figure 3 suggest that the frequentist variance of MrP and raking may be similar in the
Election Forecasting example, and that the MrP variance may be higher than the raking variance in the
Same-Sex Marriage example; for the Name Change application, this is harder to assess visually given the

extreme outliers for raking.

Figure 4 shows the frequentist variance estimates for MrP from Theorem 4.1, compared to the corresponding

raking-based variance estimate, which we compute as:

N 1 __\2 - 1
Vew == o Z <Nngcwsi — Nswcws> where wCWe := N Z wWe;,
S i€[Ns] 5 ie[Ns)

for €; = (y; — ¥;) defined in Theorem 4.1 and used in our estimate of V.

Importantly, the frequentist standard error estimates in Figure 4 enable an apples-to-apples comparison
between MrP and raking, since these estimates capture uncertainty under repeated sampling for both esti-
mators. More generally, frequentist variances and Bayesian posterior variances only coincide asymptotically
under posterior concentration and correct specification; otherwise, these two quantities generally differ, es-
pecially in the presence of weakly estimated random effects (Kleijn and van der Vaart, 2012; Giordano and
Broderick, 2024).

Figure 4 shows three distinct patterns. For the Election Forecasting application, the estimated variances are
quite close between MrP and raking, consistent with the qualitative inspection of the weights in Figure 3.
For the Name Change application, by contrast, the extreme raking weights lead to higher variance for raking
than MrP, likely due to the fact that MrP uses more information than raking, and so is able to produce a
greater variety of weights. Finally, for the Same-Sex Marriage application, we see the opposite pattern, with

nearly triple the frequentist standard deviation for MrP versus raking.
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Finally, Appendix E assesses the accuracy of the MrPlew variance estimates by bootstrapping the MCMC
procedure (Huggins and Miller, 2023; Giordano and Broderick, 2024). We consider parametric and nonpara-
metric bootstraps; both confirm that the standard deviation of M across bootstrap draws closely matches

the V estimates.

5.4 Covariate balance

Next, we use the results in Section 4.2 to examine differences in the implied covariate balance between
MrPlew and raking weights. For each application, we computed covariate balance for each regressor used in
raking, which are all binary or discrete, as well as all two-way interactions of those regressors. Appendix E

gives complete results.

Figure 5 shows the implied covariate balance for the marginal regressors in the Same-Sex Marriage and
Election Forecasting applications; we discuss the covariate balance for the Name Change application in
Section 1.1. As expected, raking exactly balances the marginal covariates in both examples. For the Election
Forecasting application, MrPlew also achieves excellent (if not exact) covariate balance on the marginals. For
the Same-Sex Marriage application, however, the implied covariate balance for MrP appears substantially
worse than the uncorrected covariate balance across several age and education levels. We assess whether

these local imbalances translate to meaningful sensitivity in g™M7T in Section 6.2.

Appendix E includes additional balance plots reporting selected two-way interactions of the regressors used in
raking.* For the Election Forecasting application, both raking and MrP yield good balance on the interactions
as well. For the Same-Sex Marriage application, however, raking largely balances two-way interactions but

MrP again fails to achieve good balance.

5.5 Subgroup contribution

Finally, we apply the results in Section 4.2.5 to assess the contribution of each subgroup to the final MrP
estimate. We begin with the Name Change application from Section 1.1. As Figure 2 shows, there is sub-
stantial imbalance in the interaction between education level and decade married, and this interaction is
plausibly associated with the outcome of interest. Figure 6 shows the subgroup contribution for this interac-
tion, comparing the raking and MrP estimates. The right-hand side shows that the subgroup with negative
weights is precisely the subgroup with the largest imbalance in Figure 2, suggesting that the imbalance in
this interaction could contribute to the difference between the MrP and raking estimates for this application.

We explore this interaction further in Section 5.6.

4Due to the large number of resulting balance checks, we assess covariate balance for interactions that occurred in at least
5% of both the survey and target populations. To preserve space, we only plot interactions in which either MrPlew or raking
weights exhibited some minimal degree of imbalance.
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26



Raking weight / Ng MrPlew weight / Ng

(a) Target: California

Raking weight / Ng MrPlew weight / Ng

(b) Target: Missouri
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Next, we consider subgroup contributions for the Same-Sex Marriage application, where we focus on states
as the subgroups of interest. To demonstrate this approach, we explore how state contributions change when
the target geography changes from California to Missouri. Figure 7a shows the relative contribution of each
state for the raking and MrP estimates of support for same-sex marriage in California. There are stark
differences in the variation of state weights between the two methods, with substantially more variability for
MrP than for raking.?

These differences partly reflect differences in the inputs for the two estimators: MrP includes state as a
predictor in the model, while raking only includes non-geographic variables. They also reflect the fact that,
as shown in Figure 3, locally equivalent weights for MrP can be negative, unlike raking weights. As a
result, many states actually have a negative contribution on the California-specific estimate, with the largest
negative weights for states in the Midwest. Finally, California itself receives much more weight under MrP
than under raking; this reflects the fact that California is a large state with many survey observations and

that MrP—but not raking—includes state as a predictor.

Figure 7b shows the same plot when we shift the target from California to Missouri. We see a similar overall
pattern, with much more variability for MrPlew than for raking weights. However, the weights themselves
are now quite different, with states like California and Pennsylvania showing negative weights for the MrP

estimate for Missouri.

5.6 Name Change example: Expanding the outcome model

We fundamentally view MrPlew as an exploratory tool for model interrogation and argue that the results in
this section give useful context for assessing the use of MrP in a given application. To illustrate one use of
MrPlew in model development, we return to the Name Change example from Section 1.1. Recall that Figure 2
showed substantial covariate imbalance in the decade_married_rk2009+:educ_group>BA interaction, which

was not modeled in the original MrP outcome model.

Although balance is intuitively desireable, imbalance does not itself diagnose model misspecification in
general. For example, Example 4.2 demonstrates that correctly specified models can imbalance their own
regressors, and Example 3.1 shows that calibration weights do not necessarily even include Y at all and so
cannot possibly diagnose problems with P(y|x). In the presence of imbalance, we recommend first considering
whether the imbalanced regressor plausibly aligns with the response, and then imformally checking whether
there is evidence in the fitted residuals align with the imbalanced regressor. In this case, table 2 shows that,
though the response does align with the imbalanced regressor, the residuals of the model do not, suggesting

that the imbalance may not be affecting the MrP estimate.

Table 2: Mean response and residuals by interaction value for Name Change

decade_married_rk2009+:educ_group>BA || ¥ y—9
0| 0.412 || -0.001
1] 0.560 || 0.002

5In Figure 12 of Appendix E, we give additional evidence that the visual similarity between the raking subgroup contribution
plots is not a bug. Raking produces very little state-to-state variation in weights between California and Missouri.
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each plot, so regressors that are not shown can be assumed to be reasonably balanced.

Nevertheless, suppose we want to modify the model to reduce the imbalance. A natural strategy to reduce
imbalance is to expand the outcome model to include the interaction term.® Importantly, this interaction
seems substantively plausible, so the choice to include this term is not driven by MrPlew alone. Figure 8 shows

the effect on covariate balance of adding the imbalanced interaction to the model as a random effect (second

6Including the regressor directly does not generally yield exact balance: Example 4.2 shows that logistic regression balances
v(z)r(x), not r(x). One could in principle include #(x)~!r(x) for some plug-in 9, but this is suspect because © depends on Y’

and so is not properly a measurable function of x.
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panel) and as a fixed effect (third panel). Both lead to substantial improvement in covariate balance, even if
the resulting point estimate is largely unchanged, as predicted by the residual means in table 2. Moreover,
after including the interaction term, MrPlew covariate balance checks do not flag any additional imbalances

of note.

6 Discussion and open questions

Our work raises a number of interesting questions which we hope will motivate further research.

6.1 Role of locally equivalent weights in model interrogation

We view MrPlew balance checks as diagnostics for the common setting in which the analyst trusts the model
only approximately and wants to probe how it uses the data. Balance checks are not, however, tests of
model specification. Examples 4.1 and 4.2 make this concrete. First, for MrP with an OLS outcome model
(Section 2.3.3), the globally equivalent weights do not involve Y at all and so cannot detect misspecification
of P(y|x,B). Second, for MrP with a logistic regression model (Example 4.2), a correctly specified outcome

model can still fail to achieve covariate balance.

Despite these limitations, we believe that the central idea of Section 4.2 can be modified to produce actual
specification checks: design a perturbation of the data whose behavior is known under correct specification,
and then design local robustness tests of whether the model exhibits the expected behavior. For exam-
ple, if the response is correctly specified, then the MrP estimate should be approximately invariant to the

distribution Pg(x). Pursuing this idea is the subject of ongoing work.

6.2 Assessing non-local robustness

Local robustness is best understood as a computationally efficient approximation to a non-local robustness
question; see Giordano, Liu, et al. (2023a) and Giordano, Broderick, and Jordan (2018, Appendix C). In
Section E.2; we assess how well our local approximation extrapolates in two applications, with mixed results:
the imbalanced interaction in the Name Change example extrapolates well, while the imbalanced education
level category in the Same-Sex Marriage example does not. The local results from Theorem 4.2 remain valid,

but understanding when and why the approximation extrapolates is an important open question.

To assess non-local behavior, we first use MrPlew balance checks to identify covariate directions that, in
principle, can lead to large changes in the estimate 4M™. Using the procedure described in section 4.2.4,
we then repeatedly generate perturbed data sets Y increasingly far from the original outcome and assess
how well the predictions from MrPlew track the realized changes in M P (lu/) Suppose we have selected a

perturbation dr(x) and that we have generated Y satisfying Equation (21). Then we expect that

1 . 1 1
—_— g wMP g — — g wM Py ~ §— g wM P, (23)
Ng . Ng Ns .
i€[Ns] i€[Ng] i€[Ns]
inferred change on binary vector inferred change on

continuous perturbation
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Equation (23) is a combination of Equation (17) with the MrPlew weights, and Equation (21) with the law
of large numbers as Ng — co. Next, suppose we have identified a Y satisfying Equation (23), and that our
local approximation is good (e.g., see Equation (12)). Then we expect that

~Mr Y, ~Mr 1 rP v 1 r
PMPY) = MY R — > w) g - — > w Py (24)
NS . NS .
i€[Ns] i€[Ns]

actual posterior change

inferred change on binary vector

Finally, if we have identified a perturbation that is imbalanced according to WM™ combining eqs. (23)
and (24) we expect that

\/ 1
/jLMrP(Y) — /:LMrP(Y) is far from N7T Z 575 . (25)
actual posterior change JE[NT]

S ——
actual target change (eq. (18))

That is, our local approximation should be able to produce binary datasets Y whose posterior change does

not match the true target population change.

In Section E.2, we ran experiments to check Equation (25) for the Name Change and Same-Sex Marriage anal-
yses. For the Same-Sex Marriage example, we took (i) to be the imbalanced raking marginal edu.cat?2; for
the Name Change example, we took () to be the imbalanced interaction decade_married_rk2009+:educ_group>BA.
As desired, the MrPlew prediction for the generated binary Y indeed predicts a divergence with the truth:
the generated Y do in fact identify potentially problematic response vectors. For the Name Change example,
this approach shows that the local approximation is quite good and extrapolates well. For the Same-Sex
Marriage example, however, the extrapolation is quite poor, suggesting we should be wary of over-relying on

the reported model checks.

It is known that linear approximations to posterior expectations may fail for large changes, especially in
posteriors with large numbers of poorly-estimated random effects (Giordano and Broderick, 2024, Section
3). It is common in MrP problems to have a large number of random effects, and so local approximations
should be taken with a grain of salt. However, precisely why the nonlinearity is so severe in the Same-Sex
Marriage analysis but not in the Name Change analysis is an open question; see Appendix E for additional

discussion. Exploring posterior nonlinearity in more depth is an important direction for future work.

6.3 Creating asymptotically globally linear MrP estimators with DrP

As a complement to assessing curvature as discussed in section 6.2, one might instead improve the usefulness
of locally linear diagnostics by modifying MrP estimators that are approximately globally linear. Here, we
briefly argue that a simple technique for doing so is provided by DrP (Ben-Michael, Feller, and Hartman,
2024). An alternative approach for creating globally linear MrP estimates is augmenting the MrP model
with regressors that predict Pr(x)/Ps(x), as discussed in Example A.2 of section A.4.

The DrP estimator is defined as follows. Let p(x) := Pr(x)/Ps(x) denote the Radon-Nikodym derivative
of the target regressor distribution with respesct to the survey, and let p(-) denote an estimate of p(-) that

is independent of Y (e.g., formed with covariates only or by sample splitting). As usual, write p; = p(x;).
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For the present, take m(-) = 1 for simplicity. Then the DrP estimator based on M (Y") is (Ben-Michael,
Feller, and Hartman, 2024, Equation (12))

~Dr ~Mr 1 ~ A~
Pt (Y) = oM P(Y)+N75 Z piyi — 1)
i€[Ns]

Since PP (Y) is a function of Y, we can form MrPlew weights for the DrP estimate, and a simple argument

sketched in section A.5 shows that, if p(-) is a consistent estimator of p(-), then
w™ = pla) + op(1), (26)

where 0,(1) is a quantity that vanishes as both Ng and Ny go to infinity. Since p(x;) does not depend on
DrP

Y, AP (Y) becomes linear as Ng and Ny go to infinity, and wP™ converges to the importance ratio p(z;).
The authors are hopeful that modifications such as this can improve the shortcomings of local robustness
demonstrated in section 6.2, though we leave rigorous theoretical and experimental analysis of this approach

for future work.

7 Data and software availability

Code to produce all the experiments of our paper can be found at the git repo
https://github.com/rgiordan/MrPLocallyEquivalentWeightsPaper. An open-source software imple-
mentation of MrPlew is available at https://github.com/rgiordan/mrplew.
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A Details of closed-form examples

A.1 Counterexample for Theorem 4.1

Example A.1. Suppose that P(y|x,3,0) is normal with mean 3Tz and variance o®. Then the sufficient
statistics are (y,%?), and the model does not satisfy Assumption 4.1. We will show that, in general, the

estimator V in eq. (15) does not provide consistent estimates of the frequentist variance.

In this case, the log likelihood is given (up to a constant C not depending on y;) by

1
Lyilzi, B,0) = — 50_2 (y7 — 287y, + BTa]x;8) + C =
Vyl(yilei, B,0) = — o~ (yi — 287 @)

so wM is given by (see eq. (10))

WM™ = NgCovpg,oy) (—0 2 (yi — BT:),9(8)) -

In contrast, the empirical influence function of M (Giordano and Broderick, 2024) is given by

wi = COVP(,@,O’|Y) (Z(yz‘xw/@ao-)ag(/@>) )

and Ngvy; # wM™Pe; in general, even asymptotically. For example, the coefficient in front of the y? term is
different by a factor of two. However, Theorem 2 of (Giordano and Broderick, 2024) shows that, under mild

regularity conditions,

3 (N - (N9) V.

L
N
o i€[Ns]

Since V of Theorem 4.1 converges, in general, to a different limit than that of the 1J estimator, it cannot be

consistent.

O

A.2 Details for Example 3.1
It will be convenient to define the following quantities:

N 1 —~ N o2
M,,=—XTX M,, =M., + —2! M,, = —XTY.
z N zx T Ne zy
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For eq. (13), we have

. . 2 __
P@Y)A(Mgmm;gggé

My 1 1 —
PMP(Y) = N—TFTXTEPWY) 8] = N—Tﬂ-TXTMMley =

1 —~
WM — N—TXM;;X}W. (27)

We can derive eq. (20)

1 1 1
SImbalance(w, wMPy — N—Tﬂ'TXT - N—SWMYPTX

AT X M XTX

- AT X —
Ny 0T T NgNg

1 B
- ATX, (Ip - M;;Mm)
Nr

Finally, we prove that W™ minimizes the expected mean squared error marginally over 3. First, marginally

we have
Covpiyix) (Y) = 0?In, + XEXT (marginally over 3, correct specification).
Then
EW) = L xTy, - Ly
= - —
Nro 7 Ng
st Lrrer - Lwrxg. Ly
B NTTr 4 NTﬂ- r Ng Ng
1. 1 1. 1
= FTW XT—NfSW X 5+N—Tﬂ' ET—N—SW €=
E Y.V X.X [E(W)Q] = LWTXT — LWTX > LXT‘TT _ LXTW +
7)( ) Tl ,XT) NT NS NT T NS
1
—QWTWU2 + —7Tro? =
Ng T
0 ) ) ) . .
S P Yrl X Xr) [EW)?] = N2 (*Ins + XEXT)W — NeNo XIX]n =

N3
NgNr

N, .
= X (°Ip+EXTX)  BX]n
T

W = (% Ing + XEXT) ' XS XInr

NS _ —1
=X (e’ + XTX) XIw
1 —~
= —XM_!'XTr=wMF,
N

In the preceding display, we used the push-through identity for matrix inverses (Henderson and Searle, 1981).
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A.3 Details for Examples 3.2 and 4.2

Recall the setup in Example 3.2. We have

A 1
B = argmaxg > | logP(ylz. B),

i€[Ns]

and so

Z log P (yilz:, B) = Z and

i€[Ng] ze[Ns]

X 1 1
~ 1 i@, B) = — — bixix] = —-——XTVX.

Z og Pyl B) = — 1 Z dimiw] = — 5

i€[Ns] i€[Ns]
Note that

VBQ(B) = NL Z Trj]EP(ﬁlY) [mlogit(ﬁTiL.j)]

JE[NT]

The Bernstein-von Mises theorem then states that, for large Ng,
~ approx 1 -t
P (\/NS(B—B)|Y> BN (0, (NXTVX) ) (28)
s
We can use the delta method and the approximation eq. (28) to approximate the MrPlew weights:

0
wi_\/IrP = NSCOV’P(,B|Y) (g(/@)a @ 10gp(yl|w“ﬁ))

= NSCOVp(my) (g(ﬂ% ﬂTiEi)

99(B) -
~ X TVX ;-
B |, 14 T;
Next,
dg(8) 1 omlesit (BT ;) ’ T
73| = E WjiA E 7T’UJ£BJ= XVTﬂ'
B F N el opT 3 T A

Combining gives eq. (14).

Next, we consider covariate balance, beginning with the variance-weighted function r(x) = v, where we

approximate v(x;) with 9; and v(z;) with 9,.

1
glmbalance(vaz, WMy —

1 1
T X — MrPT X =

7NT7T VT T NSW Vv

Lo v (L xrvx) L xrvx -

Ny TXAT Ny TAT Ng Ng =

1 1

Vo Xy — — 7TV X = 0.

NT7T TAT NSﬂ- TAT
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In contrast, the imbalance for r(x) = x is generally not zero:

1
glmbalance(m, WMy —
1 1
— T Xy — —WMPTx =
NTﬂ- T N
1ok v (L xrvx)
N ™ N 2T\ Ng

1
—XTX =
T T N,

s
1

-1
1 1
— ' Xyp([Ip— (| —XTVX —XTX 0. (d 1
NTﬂ' T( P (NS ) Ns >7é (in general)

A.4 TImbalance is not due to nonlinearity alone

Example A.2 (Imbalance is not due to nonlinearity alone). One might wonder whether the failure of logistic
regression to balance the covariates in Example 4.2 is due to the nonlinearity of the mapping Y ~ M7 (Y).
We show here that this is not the case, and that in fact certain MrP estimators with nonlinear link functions

can be approximately linear in Y for large Ng.

We consider again the asymptotic regime of logistic regression in Examples 3.2 and 4.2. Suppose we make

the following (improbable) assumption:

Assume that there exists o such that — =a'z. (29)
Equation (29) may be an unreasonable assumpton in general, but with appropriate restrictions on the domain
of x, one could certainly generate data according to eq. (29), and so it is not impossible that eq. (29) can

be satisfied. When eq. (29) holds, then we show below that, up to asymptotic approximations,

My 1

M (Y) & e > Ty, (30)

s
i€[Ns]

where the approximation becomes exact as Ng — oo.

Equation (30) is perhaps surprising. Note that, even if one found the assumption in eq. (29) plausible, it
would be difficult to directly estimate o because we do not directly observe Pr(x) and Pg(x). However,
eq. (30) shows that wM™F in fact acts as a consistent estimator of a. O

Derivation. Recall that 3 is the solution to the estimating equation

1 - 1
VgN*S Z log P(yi|zi, B) = Ns
i€[Ns] i€[Ns]

(yi — 9i)xi = 0. (31)

We will refer to the Radon-Nikodym derivative of 7(-)Pr(-) with respect to Pg(z) as the “importance ratio,”
since it is the appropriate weighting for a Horwitz-Thompson importance sampling estimator for converting
a sample from Pg(x) into a sample from Pr(x). In a causal inference setting, the importance ratio is

equivalent to the propensity score.
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When eq. (29) holds, and when Nr and Ng are large enough to invoke a law of large numbers, we can write

1
pME(Y) = N ;Y5 (definition)
JE[NT]
1 N
~ N Z miz] B (Bernstein von-Mises)
JE[NT]

~ / (@) Pr(z)dzB  (law of large numbers)
—ar ([eerPa(eniz ) 5 (cq. (29))

1 .
~al | — Z z;x] | B (law of large numbers)

i€[Ns]
1 R o
=aT — ;i (definition)
i€[Ng]
1
=N Z aTx,y;. eq. (31)
1€[Ng]

Up to the approximations in the preceding display, we thus have that Y + gM™P(Y) is linear, and

wi\/IrP

w(x;)Pr(x;)
Ps(x;)

~alx; =

(32)

Despite the linearity of Y + ™M™ (Y), the conclusions of Example 4.2 still hold: logistic regression, even

when linear, balances v(x)x, not x.

A.5 Global linearity of DrP

We continue the discussion in section 6.3 to support eq. (26). First, we can expand DrP as
1
~DrP _ ~MrP A . A~ A
pEEY) =T (Y) 4 > iy — — m]+— > pilyi — ).

i€[Ns] T je [N1] zE[Ns]

The MrPlew weights for DrP are given by

DrP _ NS Z 3mj _4vVg ﬁam] + pA-/
ayl NT (3 6yz/ (2]
jG[N lE[Ns]
where we have used the fact that p(-) does not depend on y;.
Applying a LLN to both the survey and target populations gives
. (‘3m .
wi't & (2)Ps(x) + pi

= [ 82”;(;3) (0(@) - p(@)Ps(@) + i
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()

Under the assumption that Varpg (s (NS 83y,/
sense that Varp, (z) (p(z) — p(x)) = 0,(1), Cauchy-Schwartz gives

) = Op(1) (see Lemma B.4) and p(-) is consistent in the

wy™ = pir + 0p(1). (33)

An argument analogous to Theorem 4.2 can make this argument uniform in ’, and justify the replacement

of p; with p(x;), though a careful rigorous treatment is beyond the scope of the current paper.

B Proof of Theorem 4.1

We first note that the boundedness of @ in Assumption 4.3 implies Assumption B.1, which is more technical

but closer to what we actually need in the proof of Lemma B.1.

Assumption B.1. Let Assumption 4.3 hold (recall that this includes Assumptions 4.1 and 4.2), but in

place of the boundedness of x, assume that
(a2
+ Epya [l2l3] <o
2
e P H

* Epsa) :HVZ’A(,@*TQI)QL‘@kHﬂ < oo for k € {0,...,4}

o Epgm) _supBEBA ||V$]A(,6Tm)zc®4||ﬂ < oo for some A > 0.
In place of the assumption that P(3) has bounded support, assume that
« Ep) [9(8)?] < oo
* Eps@) [Epee) (]2, 8)°]] < oo,
o Epy(a) [Epg) [9(8)*(ylz,B)*] | < oo.
O

For the remainder of the proof, let Ba := {3 : ||3 — ﬂ*||§ < A} to be the A-ball around 3*. We first show

a technical regularity lemma.

Lemma B.1. Under Assumptions 4.1 to 4.3, there exists a A > 0 such that, for all B € Ba, £(3) is four
times continuously differentiable and the exchange of partial differentiation with respect to 3 and integration

with respect to Ps(y,x) is justified.

Additionally, for 0 < k < 4, there exists functions My(x,y) such that

2
ﬂsqu |‘V§€(ﬂ)”2 < My(z,y) and Epg(g,y) [Mr(z,y)] < oo. (34)
€ba
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Proof. We first show that

Epg(2) [ sup ||V§A(,6Tw)m®k||§1 <oo for0<k<4.
BEBA

Note that V’;A(,B) exists for all k by standard properties of exponential families. Let 3; := 8* +t(8 — 8*)
for t € [0,1]. Then for any k < 3,

2
Eps(e) | sup ||[VEA(BTz)z®" ||
BEBA
r 2
=Ep,(z) | sup —VkA Tx)dt + V’;A(ﬂ*Tm)> x®"
_,BEBA 2

| 1

+ Epyo) [||VEAB T2)2H

BeEBA

2

([ 3
1
~Sp | s ([ TE AT - B+ VEAETT) ) 2
1
([ wiraermans - pre) < |

< Epg(a) | sSup
| B€Ba
- . )
< Epg(a) | sup (/ V,];HA(ﬁtT@dt) @)

| B€BA 0

B 2

A+Epyo) [[|[V5AB @) ]

2

sup V'““A(ﬂT L A+Epg(a) {Hva(ﬁ*Tw)w@kHﬂ

< Eps) ,668
A

2

The result follows by backward induction on k starting at k£ = 4 using Assumption B.1.

We now turn to bounding the gradients of £(3). Since VZZ(,@) = VZA(ﬁ*Tw)a:@k for k > 2, we have already

uniformly bounded the second derivatives and higher. For the first derivative, we can expand

EPs(m,y) lsup ”vﬂg(ylma/@)“;
BeBA

Epg () Sup |y + VAT )|

Brstan [ 1213] + sup Epoio [|V3A@T @] +2 s1p Bro (17 A@T2)e] <
L BeBA

[ 2
Eps(a.y) |V° Hl‘Hg} + sup Epg(a) [HV}]A(ﬂT:c)wHQ} +
3 BeBA

1/2
2 s B [P0l B 1) <
by Cauchy-Schwartz, Appendix B, and Assumption B.1. Similarly,

Uylz, B)% = (yzTB — A(z7B))*
= y?Trace (xxTBBT) + A(x7B)* + 2A(x"B)yxT 3, (35)
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and so

EPs(m,y) [Sup Z(y|w,ﬁ)2]
BeEBA

= Trace (Eps(ww [y2a:wT] sup ,3,8T> + Epg(z,y) [sup A(xT3)?
BeBA BeBa

2E g ) [sup A(@™B)yz"B

< Epg(a,y) [92 ||58||§} sup |85 + Epy(z.y) [Sup A(zT8)
BeEBA BEBA

1/2
2 (Bps(e) [A@TB)] Epsa [v2112l3] ) sup 18], < o,
BEBA

again by Cauchy-Schwartz, Appendix B, and Assumption B.1.

The exchange of differentiation and integration now follows from Cauchy-Schwartz and the dominated con-

vergence theorem, and for each 0 < k < 4 we can bound

V5B, < sup VA, = Mt v),

where we have shown that Ep, (5, [My(x,y)] < oo

Lemma B.2. Let Assumption B.1 hold. With probability approaching one, there exists a v > 0 such that

sup Z y;| 8", x;) N Z yilB,x;) | =~ >0.
]

D
BER ﬁ\BA ZE[NS ZE[NS

That is, the empirical log likelihood is strictly bounded away from the value achieved at B3* outside of Ba.

Proof. Let 0Ba denote the boundary of the set Ba. By Assumption B.1, £(3*) > ¢(8) for all 8 € 9Ba
because B* is a strict maximum. Define /. (8) := Nis > ievs) Y(wil B, ;). By Lemma B.1, {(y;|3, ®;) obeys
a uniform law of large numbers (ULLN) in Ba, so that for sufficiently large N, with probability approaching
one we have, for some v < 0,

Ing(B*) = sup Ing(B) >~ >0.
BEIBA

Recall that
Valns(B) = - Z ViA

zE[NS]

So, on RPs, Nis Zie[NS] V%ENS (B) is negative semi-definite, since V%A(,@Ta;i) = 0 by standard properties

of the given exponential family.
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For any point 3” € RPs \ By, the line connecting B* to B” must pass through some B’ € 9Ba. Since

V%Z N (B) is negative semidefinite, the slope along any line cannot decrease, and so we must have that

éNs (ﬁ*) > éNs (ﬁ/) +v2 éNs (BN) +7

from which the result follows.

]

Lemma B.3. Under Assumption B.1, Lemmas B.1 and B.2 imply that our problem satisfies Assumptions
1 and 2 of Giordano and Broderick (2024) for the quantity of interest g(83) := NLT > ey Tim(x]B).

Additionally, the quantities A(BTx;) and V%A(,@Ta}i) are third-order BCLT-okay as given by Definition 2 of
Giordano and Broderick (2024)
Proof. Each part of Assumption 1 of Giordano and Broderick (2024) is already satisfied directly in Assump-

tion B.1 or by Lemmas B.1 and B.2. Note that we take Qg to be the set {6 : P(0) > 0}.

For the remainder of the lemma, we must show that g(8), {(x|3), g(8)¢(x|8), A(BTx;), and V, A(BTx;)
are BCLT-okay, as given by the three items in Definition 2 of Giordano and Broderick (2024).

For item 1 (almost sure differentiability), the assumption follows from properties of exponential families.

For item 2 (order one average derivatives of prior expectations), we have assumed in Assumption B.1 that
NLS Zz‘e[Ns] Ep ) [g(ﬂ)Q] < 00, and that we can apply the law of large numbers to the quantities

1 1
e Z Epg) [9(8)*(yilzi, 8)?] and e Z Epg) [¢(yilzi, B)?] -
5 i€[Ns] 5 ieNs]

Item 2 is satisfied for A(BTx;), and V%A(BTQ:Z') by the ULLN implied by Lemma B.1.

For item 3 (sample averages bounded in probability in Ba), the assumption follows from the ULLNs of
Assumption B.1 and Lemma B.1, together with supgcp, 9(8) < co by continuity.

]

For the duration of this section, let 3 denote the MAP argmaxg P(B|Y’). Note that earlier in the paper B

denoted the OLS coefficient, but we will overload that notation for the moment.

Lemma B.4. Let Assumption 1 of Giordano and Broderick (2024) hold, and suppose that a;(8), b(8), and
a;(B)b(B) satisfy Assumption 2 of Giordano and Broderick (2024). Here, a;(8) may depend on datapoint i
but b(B) does not. Then
1 T— A — c
NsCovpgy) (ai(B),b(B)) = ivﬁai(ﬁ)z 'Vb(B) + O(NghE™,

where NLS Zie[Ns] (gicov)z = @p (1).
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Proof. The proof simply states a general version of an argument from the proof of Giordano and Broderick
(2024) Theorem 2.

Define

We can then rewrite the covariance as

Covp(gly) (ai(8),b(8)) = Epgy) [(@(8) + Af)(b(8) + Ab)]
(

abi(B)] + AfA 4+
Ep(ay) [@(8)] A* + A"Epgy) [0(3)]

=Epaly) [abi(B)] — A7A".
By Theorem 1 of Giordano and Broderick (2024),

Ay =0 (Ng") & and A’=0(Ng"')éel,

?

where the residuals £ and £ combine leading-order and residuals terms, and satisfy Nis Zie[ Ne] (55)2 =

O, (1) by the BCLT okay assumption and Giordano and Broderick (2024) Theorem 1.

Then, noting that Vﬁﬁi(,@) = 0, another application of Giordano and Broderick (2024) Theorem 1 also
gives that

1 s en N
NsEpgjy) [abi(B)] = 5 Vpai(B)TL 'Vgb(B) + O (Ng') &,
where again £ is finitely square-summable with probability approaching one. Combining gives
NsC (8),5(8)) = 2V4a(B)TT IV 4b(B) + O (N5 (£ — o6
sLOvVpBly) (ai(B),b(8)) = 9 ﬁaz(ﬁ) B (B) + ( S )( i i )
Furthermore, setting £ := 7" — EXEP, we have g= 37, (n] (Ecov)? = O, (1) by Cauchy-Schwartz. O

?

Proof of Theorem 4.1. Let v; denote the classical empirical influence function for g™M7% as defined in
Giordano and Broderick (2024),

Vi := NsCovp(gy) (9(8), (yi|zi, B)) -

Recall also from the statement of Theorem 4.1 that

Nswi‘wrpfi = NSCOVP(ﬁlY) (9(B), %‘Tﬁ) (yi — 9i)s
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where

Ui = Epajy) [m(BTz;)] .

The proof will show that ¥; ~ NgwMTe; to a sufficiently high degree of accuracy, and then to apply Giordano
and Broderick (2024) Theorem 2.

Define Vgg(83) the derviative of g(3). By Theorem 1 of Giordano and Broderick (2024)
Nsw"™e; — 1y = NsCovp(gy) (9(8), A(BTx:) — §:87x;)
By Lemma B.4, we can write

NsCovpgiy) (9(8), A(BTx;) — 9:87x:) =
Vog(B)T (ViAB @)@ — i) + O, (N71) £,

Additionally, by Theorem 1 of Giordano and Broderick (2024),

Ui = Epgy) [Im(B8Tz;)]
=m(BTx;) + O, (N7') &
AT + O, () &

where the final line follows from the exponential family fact that V}A(-) = m(-). Tt follows that

VIAB )@ — i = O, (N7 Ela;

Combining,
Nswe; = = O (N7!) (&7 + £/ Vpg(B)": )

I
.

(N e,

From this it follows that

SlG[Ns]
-~ 1
_ -1\ - err
=y +O0 (N o > &
i€[Ng]
1 MeP_ 2 _ 1 2
NS Z (NS’LUl 61) —NSA wl+
1€[N5s] i€[Ns]
-1 err, ), . ) -2 1 err\2
20 (V) o 3 SO (V) = Y @)
i1€[Ng] i€[Ns]
and so
1 > (N w™e; — N, erPE) - L (i =) + 0O, (N71)
NS i 7 S NS 7 P
i€[Ng] i€[Ng]
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The final result follows from Theorem 2 of Giordano and Broderick (2024), which states that the right hand

side of the preceding display is a consistent estimate of V. ]

C Proof of Theorem 4.2

For any r, take Y (6r) =Y + JR.

_ M (Y (9)) 1 %M (Y (57)

AMrP?_AMrPY 5—0 - 5_02
o ) = e () = L oy g ST )
for some 0 € [0,8]. The first term is given by
~MrP ~MrP
DY) O, 1 s e
a6 0y, Ns

0=0 ie[Ng]
The second term is given by

0N (Y (57)
062

_ O*Ep(aiy:sr) [9(8)]
6=3 952

So we would like to control the error

1 N 1
sup ~ [N (V) = pMP(Y) = 5 S i,
r€R Ns i€[Ns]
1| 0*Ep(gyor) [9(8)]

dsup sup —
reR 5efo,6) 2 962

<

s=3l
Let Kp(g) (-) denotes the third-order cumulant of P(3),

Kp(a) (a(B8),b(8), «(8)) =
Epr ) [(a(ﬁ) — Eppg [a(B)])(b(B) — Epg) [b(B)] )(c(B) — Ep(s) e(B)] )] '

Then, for the right hand side of eq. (36), note that

OEpiyson 9B | _ ) (Y |X,B;6r)|  0L(Y|X,B;0r)
662 5 P(B|Y;dr) g P 95 5 s BY; S
= Kp@iyan | 98), > rizlB, > rzlp
1€[Ns] i€[Ns]

= Z Z ro ) Kpaly,or) (9(8),8,8) xir;.

i€[Ng]i'€[Nsg]
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Plugging in,

O®Epgyior) [9(8)]
062

sup sup
r€ER §¢[0,4]

sup sup Z Z Ti’mzlcp(g\y;sr) (9(16)31676) xir;| <

r€R §e(o,d] 1€[Ng]i'€[Ns]

sup sup N3||Kpiary.in 008).8.8)| |52 32 wlre 32 wore| =

r€R §e(0,d] ze[NS] i’ €[Ng] 9
2

sup sup N3 K@y sr (9(8),8,8) - xiri|| <

reR d€(0.] | 2| NS séma

sup sup N5 || Kpgjy5,) (908):8,8) ||| 7~ Z leirill; <

TER(SG[O,(S] 1€[Ns]

sup ~Sup Ng ICP(B\Y,ST) (9(18)767ﬁ) sup N Z ||m ’I”sz .
r€R §e(0,d] i)

Here, since R is Donkser and satisfies sup,.cg Epg(a) [€r()] 3 < 0o by Assumption 4.4, by a uniform law of

large numbers we have

sup 1= S Jairill2 = Bpgo) [lleiril3] < R
reR NS
7€[Ns]

Therefore it will suffice to show that

sup s \\ch(ﬁlyér)( (8).8.8) |, = 0, (N5?).

r€R §e|

To show this, we need to establish a version of Theorem 1 of Giordano and Broderick (2024) that holds

uniformly over § and 7.
C.1 Uniform posterior expansions

Assumption C.1. Define a parameterized log likelihood function ¢(8|y,t), for parameter ¢t € ;. Let
Assumption 1 of Giordano and Broderick (2024) hold for each t € €, with constants depending on .

Additionally assume that items 4, 5, and 6 of Assumption 1 hold uniformly in ¢ in the following sense:

o Item 4: The log likelihood ¢(3|y,t) and its first four partial derivatives are each uniformly continuous

over t € €);.

« Item 5: The bound M (y;t) from Item 5 holds uniformly in the sense that Ep, (y) [supscq, M (y;t)?] <

Q.

o Item 6 modification 1: Letting Az ; denote the minimum eigenvalue of Z;, assume that inf;cq, Az ¢ >
0
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o Item 6 modification 2: The empirical log likelihood bound satisfies inficq, €(t) > 0.

O

Lemma C.1. Let Assumption C.1 hold. Let ¢(B) be a function not depending on t ory that is third-order
BCLT okay ((Giordano and Broderick, 2024) Definition 2). Then Giordano and Broderick (2024) Theorem
1 holds uniformly over t € Q; in the following sense. For any target probability 0 < p < 1, there exists C*
and N* not depending on t for which Ng > N* implies that

Epaiy . [0(8)] — o(B)—

sup
teQ
aflge a1 AVT3 A (AN —2 v
Ng QV,ad)(ﬁt)It +6V,8¢(/8t)vﬁ£t(ﬁt)M < Ng°C (37)
with probability at least p.

Proof. By assumption, eq. (37) holds for each t € Q; by Giordano and Broderick (2024) Theorem 1 with
some C} and N; depending on t. We now proceed step-by-step through the proof of Giordano and Broderick
(2024) Theorem 1 and show that the constant C} and N;* depend only on the quantities uniformly controlled

by assumption, from which we have

C*:=sup C; <oo and N*:=sup N < 0.
teQ, teQy

We proceed lemma by lemma, indicating how the proof needs to be modified slightly in order to achieve

uniform control over t € €);.

Lemma 2. We replace the assumption of Lemma 2 with

sup

sup [|VEL(yIB)|, < sup M(y;t) := M(y) with Ep(,) [M(y)*] < oo,
tEQf, ,BEBA tEQt

from which the conclusions of Lemma 2 (egs. 20,21, and 22) apply uniformly in ¢ € ;.

Lemma 3. In Lemma 3, replace € with inf,cq, €, and Az with inf;cq, Az;. Then by the same proof, the

conclusion of Lemma 3 holds uniformly in ¢ in the sense that

I,

sup

ﬁt — /Boo,tH — 0 and inf
te 2

> 2 inf Azs:= Az >0,
teQy

op teQ,

both in probability as Ng — oco.

Lemma 4. Lemma 4 is essentially a convenient re-statement of lemmas 2 and 3. It follows that, for any
0 < p < 1, there exists an N* not depending on t such that each event of Lemma 4 holds for all ¢t € Q; with
probability at least p when Ng > N*. Specifically, items 2, 3, and 4 hold with the corresponding inequalities
and sup;cq),, and items 5 and 6 hold with the corresponding inequalities and inf;cq,. There is one caveat —
when the function given in Item 4 of Lemma 4 depends on ¢, so that the corresponding neighborhood 611 ¢

depends on t, we must have inf, 15, > 0 for each €.
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Lemma 5. With the above modifications, the upper bound Lemma 5 holds uniformly in §2;.

Lemma 6. The quantities do and € given in Lemma 6 depend only on the occurrence of the events given

in Lemma 4, and being able to choose 5 small enough to make the following quantities small:

\V: L( d \vg L
;;ggﬁgth BL:(B)|, an ;;gﬁggtﬂ sL(B)], -

Since, by assumption, V,’éﬁt (B) is uniformly continuous over ¢ € Q; for k = 3,4, 5 can be chosen to make

the expressions in the preceding display to satisfy Lemma 6 uniformly in ¢ € ;.

Lemma 7 simply relies on Lemma 4.

Lemma 8 follows from Lemma 4, again using uniform continuity of V%Et(,@) and Véﬁt(ﬁ).
Lemmas 9, 10, and 11 mostly rearrange terms, relying again on Lemma 4.

The remainder of the proof does not require modification, since we don’t need to consider data dependence
in ¢(3).
|

Lemma C.2. Let Assumption C.1 hold. Consider the posterior cumulant Kp gy 1) (a(8),b(8),c(B)) , where
a(+), b(:), and c(-) do not depend on t. Assume that each of the functions a(3), b(B), ¢(B), their pairwise
products a(B)b(B8), a(B)c(B), and c¢(B), and the three-way product a(B)b(B)c(B) are all third-order BCLT
okay ((Giordano and Broderick, 2024) Definition 2).

Then, for any probability 0 < p < 1 there exists an N* and C* such that Ng > N* implies that
t
with probability at least p.

Proof. First, for each of a, b, and ¢, define

A% = a(B;) — Ep @iy .1 [a(B)]
a(B) = a(B) — a(B),

and so on. Note that Ep(gjy) [a] = =A% Then
Kpsiv.i (a(B),b(3 ) c(B) =
Epgy . [(@ +A%) (b +A%) (e +A%)] =
Ep@iy. [@ E}
Ep(ﬁ|y7t) [ ] A€ +E7>(@|y7t) [EE} AP +Ep(ﬁ|y7t) @E] A? —2A*APAC,
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Let us first consider NgA“. Applying Lemma C.1 with constant C'{,
D N RS ANT3 A (AN
Ng CA 2v5¢(ﬁt)zt 6V,@¢(ﬁt)vgﬁt(5t)/\/l
NgA*®

N5 CL ~ S VAOBT — S Va0(BVAL(BIM.

IN

IN

By the modification Giordano and Broderick (2024) Lemma 3 given in the proof of Lemma C.1, we have

that sup, Bt . From this, and continuity of ¢ and its derivatives, we have
2
sup (b(,@t)H = @p (1) , sup Vﬁ¢([3t)H = @p (1) , sup ft_l = @p (1).
tesy, tesy teQ, op

Similarly, by the modification of Lemma 2 in Lemma C.1, together with Assumption C.1 giving uniform

continuity of Ly,

Sup ﬁt(Bt) =0,(1).

teQy

It follows that sup,cq, |N§1A“’ = O, (1). Analogous results hold for A’ and A°.

Similarly, note that @ (3;)b (3;) = 0, and %}f(ﬁ) oep, 0, from which we have

NZ sup f65| =0,(1),
teQ,

with analogous results for @¢ and be.

Finally, @ ()b (8:)¢ (8;) = 0, and

(@B BrB)
6’6 B:Bt
so that
N§ sup |abe| = 0, (1).
teQ,
Combining gives the desired result. |

C.2 Showing that the regressor balance satisfies the conditions

By Lemma C.2, it only remains to show that P(B|Y;dr) satisfies Assumption C.1, where ¢t = (§,r) and
0 = (0,04) x R for some sufficiently small 0.

Lemma C.3. Let Assumption B.1 hold for the original model, and let r € R (Assumption 4.4). Recalling
Definition 4.1, define
6(18’ 5T) = EPs(y,w) [‘e(yh}v /87 67")] .
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Then £(B; 0r) satisfies Assumption 4.2 uniformly over 6, € (0,54) x R in the following sense. Define

. {(B;or)
B5, = argmaxg £(B;0r) and ZIs := 0popT | 5.

sr

Let A5, denote the minimum eigenvalue of Zs.. Then there exists a 64 such that B, is unique for all
5,7 € (0,61) x R, and that

inf Azs5r > Az > 0.
5.r€(0,64)XR

Furthermore, £(3;dr) and its derivatives are uniformly continuous as a function of B for 6,r € (0,64) X R.

Expanding,
U(B; 1) = U(ylz, B) + 6Epy(a) [r(x)xT] B.

Since sups,.c(0,6,)x” |0Epy (z) [r(®)T] | < 04 Rmax by Assumption 4.4, £(3;6r) and its derivatives are uni-
formly continuous as a function of 3 for §,r € (0,d;) x R by Lemma B.1 (via the dominated convergence

theorem).

We now adapt Lemma B.1 to ¢(83;6r). First, for k > 2, Vg[(,@;ér) = VEE(,B), so eq. (34) holds without
modification for k > 2.

We now adapt the first and zeroth derivatives. Note that by Jensen’s inequality,
2 2
Sup [|Epg @) [2r(@)]|[; < up Epe e [Jor(@)]3] < R (38)
reER reR

Similarly, for f(8) > 0,
EPs(m,y) [Sup f(ﬁ)] =
BeEBA

Eps (@) Sup FBIf(B) =1)+1(f(B) < 1))]

< Epg(ay) Sup F(BPI(f(B) = 1)

< E'PS (z,y) sup f(/G)Q
| B€Ba

BeBA

+]EPs(w,y) lsup 11 (f(/B) < 1)‘|

+1. (39)

Then
Vﬁﬁ(ﬂ; or) = Vﬁﬁ(ﬁ) + 0Epy (o) [r(z)2T] =

V5008 67)|2 = | VatB)||2 + 62 |[Epsa) [r(@)aT] |5 + 20Ep, (a) [r(2)aT] V4L(8)
< [V 5lB)|| + 62 R2, o + 201 Runax |V 5£(B)], -

The right hand side of the preceding display does not depend on r or §, and has finite expectation under
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Ps(x,y) by Lemma B.1 and egs. (38) and (39), and so we have identified M/ (x,y) such that

2
sup sup HVEK(,B;&“)Hz < Mi(z,y) and Epg iz, {Ml(:c,y)] < 0.
6,r€(0,64+ )X R BEBA

Similarly,
U(B;0r)* = U(B)? + 6°Trace (Epy () [r(®)2] Epgy () [r(2)2T] BBT) +
260(B)Epg(x) [r(z)2T] B
< UB)” + 63 R 18115 + 26(8) Runax 18] -

As before, we have identified M (z,y) not depending on r or ¢ satisfying

sup sup f(,@;&")% < M(:&y) and  Epg(z.y) []\Zf(:v,y)] < 00.
5,r€(0,64) xR BEBA

We now show that we can control infs,c(.s5,)x® Asr- Let Amin (-) denote the minimum eigenvalue of the

argument. Now, we have that
Asr = nin (Tor) = min (Epao) [V2A(765,)2°2] )
Since by Assumption B.1, Apin (Z) = Ao.r > 0, and by Lemma B.1 the map
B A (Ep (o) [V2A(278)2°7] )
is continuous at B*, we can choose A > 0 small enough that

BEBr = Amin(Bpye) [VoA@TB)z®]) > -Az > 0.

N =

So it suffices to take such a A and show that there exists d4 sufficiently small that
B;. € Ba forall §,r¢€0,64].
Since £(8; ér) is continuously differentiable, 3* is a solution to

Vl(B5,50r) = Vl(B5,) + 0Ep [r(x)z] = 0.

Note that ||0Ep, [r(x)x] ||, < 64 Rmax by Assumption 4.4, so we can define 3 as the solution to
Vgl(By) +v =0 for [[v], <04 Rumax.

Since v = 0 corresponds to 8%, at which V%E(ﬁ:‘,) is positive definite, the inverse function theorem implies

that there exists a neighborhood {v : |v||, < A’} such that the map v — B} is continuous (Krantz and

Parks, 2002, Theorem 3.3.2). Taking
5. < min (A, A')
+ o Rmax
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thus suffices to guarantee that
1
inf Asr > =2z > 0.
5,r€(0,64)XR 2
We have one more condition of Assumption C.1 to satisfy, Item 6. A small modification of the proof of

Lemma B.2 gives that, for sufficiently large Ng, there exists a v > 0 such that

sup (EANS (B3,;0r) —  sup éNS (B; 9, 7')) > >0,
0,r€(0,64)xXR BeIBA(T)

where here OBaA(6r) = {B : ||B — B;,|l, < A}. This follows by a uniform law of large numbers applied to
both 3 and to d,r. The remainder of the proof of Lemma B.2 is unchanged, giving

1 . 1
sup sup Na > Uyilwi, B3 0r) — N > Uyilai, B;or) | > v > 0.
8,r€(0,64)xR BeRPP\BA \ 5 i&[Ng) S ie[Ns]

It follows that Assumption C.1 is satisfied, and Lemma C.2 gives the desired result.

D Generating perturbed binary datasets

In this section, we describe one method for constructing randomized binary datasets that approximately
represent a particular continuous perturbation. How to do so optimally seems to be an interesting topic for
future work. We then rerun MCMC for a particular draw of the binary dataset to see whether the linear
prediction given by MrPlew can extrapolate to analytically meaningful differences in the MrP estimates.
Our results are mixed, and so we strongly recommend that balance and subgroup contribution plots be used
as computationally efficient but approximate ways to explore the space of potentially problematic datasets,
which are then verified by MCMC.

D.1 Constructing a binary response vector

Recall that our goal, by eq. (21), is to identify a binary random variable which we will call ¢, such that

Epgle) [ ~ Eple) (0] = Epyla) [y] + 07 (40)

Our motivation for doing so will be that, if ZM™ (Y) — M P (V) is large, so that r appears to be “imbalanced”

according to Theorem 4.2, then we hope that the realizable M (lv/') — gM™P(Y') may be “imbalanced” as

well. We are further motivated to find a Y that is “close” to Y so that the approximation eq. (19) remains

approximately valid for ﬂMrP(}v’) — M (Y).

One way to proceed is via a perturbation to the parametric bootstrap (Efron and Tibshirani, 1994). We
begin with a preliminary guess 7; := 1m(x;) ~ Ep(yz) [y] for each i in the survey. If the guess my(-) is
poor, then the perturbed data will not bear the same relationship to the regressors as would a genuine
alternative draw of the data. However, we emphasize that the role of m(x;) is to define a data perturbation

of interest, rather than to perform formal inference. A reasonable choice might be to take ,3 = Epay) B
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and 7 (x;) = m(BTx;). Two other extremes would be to take m(xz;) = Nis 2 ic(N] Yir OF to take m(x;) = y;.
As we will see below, these extremes represent tradeoffs in their ability to plausibly reproduce the change

eq. (21) on one hand, and to produce estimates that are close to Y on the other.

Supposing that Ep(yz) [y] = m(x), we wish to draw a binary 7 that is “not far” from y, but which has
expectation Mm(x) + dr. One way to do that is to couple y and § with a common uniform random variable
u ~ Uniform (0,1): y =1 (v < 7(x)) and § = I (u < m(x) + ér). Under this construction, E [¢] = m(x)+Ir
and E [y] = 7(x) as desired, as long as m(x) + or € [0, 1] and 7(x) € [0,1]. Given y and «, the conditional
distribution of u; is then

Uniform ( O,m(w)) ify=1

P(uly, z)
Uniform (m(xz),1) ify=0.
Then if we draw u ~ P(u|y, ) and set §j = ]I( ) + dr), then g is highly correlated with y marginally,
and satisfies eq. (21) when m(x) = Ep(yja) [y] - procedure which would be repeated for each 4, is shown

in Algorithm 1.

Algorithm 1: Draw perturbed binary data

Input: Estimate 1; ~ Ep(y|s,) [y] , perturbation dr;, original response y;
Output: Vector of §; € {0, 1} with Ep iz, [§] = Ep(yja) [vi] + 07
assert 7h; + dr; € [0,1]

// Draw u; ~ p(u | y;)

if y; =1 then
| u; ~ Uniform(rh;, 1);
else

L u; ~ Uniform(0, 7;);

// Draw §; ~ p(y | vi)
Ui < L(u; > my + 0ry)

Note also that algorithm 1 is random. In general, for a given 7i2(-), there are many binary datasets that are

consistent with a particular mean perturbation.

We note that choices of m(x;) like Nis Zie[ N Yi that “underfit” the data permit larger perturbations, since
d may be larger before m(x;) leaves [0, 1], but at the risk of failing to reproduce the intended relationship
between x; and ;. On the other hand, “overfitting” the data, say by choosing m(x;) = y; perfectly
reproduces the relationship between x; and y;, but there may be no non-zero § satisfying r(x;) + ér; € [0,1]
— for example, if ; > 0 and y; = 1, then we must have 6 = 0. Ultimately, the tradeoff between fidelity
to the data generating distribution and the ability to produce perturbed datasets is a judgement call that

defines the robustness question that is being asked.

E Additional Experimental Results

E.1 Supplementary Graphs
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Figure 10: Balance
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Figure 11: Estimates of the frequentist standard deviation of v/Ng M
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Figure 12: Different variability in per-state subgroup contribution weights for Same-Sex Marriage. Each
point is a state.

E.2 Extrapolating to assess non-local robustness

Following the setup in Section 6.2, we investigate how well the MrPlew balance checks assess non-local ro-
bustness after extrapolating along a chosen dimension. For our given outcome prediction m(-), we investigate
Equation (24) by re-running MCMC. Specifically, we choose a range of 4, up to the largest possible step
size dmax that result in 7h; + 0r; € [0,1] for all . At the most extreme points, which effectively set all the

responses in the given category to 1, we have changed 10% of the responses in the Same-Sex Marriage and
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2% of the responses in the Name Change dataset. For each § in each analysis, we ran algorithm 1 from

9

Appendix D to produce a draw }v’, and then re-ran MCMC to compute M7 (Y).
000004 ® Method
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Figure 13: Refit
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Figure 14: Refit

E.3 Nonlinearity in Same-Sex Marriage analysis

0.3

In this section we briefly demonstrate that posterior is in fact locally linear in fig. 14, but that even the least-

perturbed binary vectors leave the domain of linearity quickly due to a large degree of posterior curvature.
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We selected the smallest ¥ not equal to Y from fig. 14. This Y corresponds to the second datapoint from
the left. We then define the MrP estimate

M (€)== pMP((1 = €)Y + €Y). (41)

Both Y and Y are binary vectors, and eq. (41) defines a smooth path between them as € varies from 0 to 1.
For sufficiently small € we can estimate ﬂMrP(e) with self-normalized importance sampling, and we consider

€ for which there are at least 1000 effective samples in the importance-reweighted posterior.

Figure 15 shows the path of both the MrPlew linear approximation to ™% (¢) — M and the importance
sampling posterior estimate. The local linearity is evident for very small €, but the posterior rapidly deviates
from the linear approximation long before € = 1.

6e-04 ~
e
=
<I3_ 4e-04 - : Method

= —o— Importance sampling (true posterior)
n:v MrPlew
2<3_ 2e-04 1
o
o
0e+00 -
T T T T
0.0 0.1 0.2 0.3

Figure 15: Local behavior of the Same-Sex Marriage perturbation. We only consider ¢ with at least 1000
effective self-normalized importance samples.

Though not shown, a randomly selected binary response vector that changes the same number of entries
as Y exhibits very little curvature. There may be something about the fact that we are perturbing the
posterior in a direction of imbalance that is causing the severe non-linearity. Theoretically and practically
understanding why the Same-Sex Marriage analysis exhibits such strong curvature but the Name Change

analysis does not remains important future work.
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